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Abstract

We introduce the quantum action-dependent channel. The model can be viewed as a quantum analogue of the classical action-
dependent channel model. The Gel fand-Pinsker channel has two inputs, Alice’s transmission and the input environment. The
action-dependent model allows the transmitter to affect the channel’s environment. Specifically, Alice encodes her message into
a quantum action, which in turn influences the channel’s environment through an action channel. Alice also has side information.
In the quantum model, she cannot have a copy of the environment state due to the no-cloning theorem. Instead, she shares
entanglement with this environment,as a result, her measurement can lead to a collapse of the environment state. We derive an
achievable communication rate for the transmission of messages via the quantum action-dependent channel.

I. INTRODUCTION

A fundamental problem in information theory is the characterization of reliable communication over channels affected by
random parameters, commonly referred to as channel states. Beginning with Shannon’s seminal work on channels with side
information [1], the study of channels with random parameters has revealed the crucial role of side information at the encoder
or decoder. Gel’fand and Pinsker established the capacity for channels with non-causal state information at the encoder [2].
Costa’s “writing on dirty paper” result [3] further extended it to Gaussian channels. These works laid the foundation for a rich
literature on random-parameter models in both point-to-point and multi-user settings [4—7].

In the random-parameter paradigm, the parameters are typically drawn from nature and cannot be controlled by the
communicating parties [2]. The parameters influence the channel by altering its transition law. In the classical setting, the
channel is described in terms of a probability function Py |x g(:|=, s), where X represents Alice’s transmission and Y is Bob’s
observation at the channel output. The random parameter S has a specified distribution and its variation can significantly affect
the channel output. For this reason, side information, i.e., the knowledge of S, has a profound effect on capacity.

Weissman [8] introduced the action-dependent channel. In this model, the encoder first selects an action sequence, which
in turn, generates the channel parameters in a noisy fashion. The overall channel input then depends on both the message and
the induced parameters. This two-stage procedure captures a broad class of practical problems, such as memories with defects,
magnetic recording with rewriting, and other scenarios in which the transmitter can probe or partially control the channel
before communication, as was demonstrated in [9]. For example, a two-stage coding strategy can steer a defective memory
to improve reliability: first, the transmitter writes to the memory and immediately tries to read it back to learn about defects.
Then, the transmitter rewrites the defective bits based on that information. The flexibility of this model led to its extension
in several directions. For instance, the concept of probing capacity was introduced to quantify the maximum rate at which
the channel state can be learned through actions [10], and other works incorporated cost constraints on these actions [11].
The framework has also proven valuable in multi-user communication, with generalizations to broadcast channels [12, 13] and
multiple-access channels [14]. Furthermore, its implications for security have been explored in the context of wiretap channels
[15, 16] and other secure communication settings [17], where the action channel acts as a broadcast channel influenced by the
transmitter’s actions.

The ongoing development of quantum information theory is foundational for engineering next-generation communication and
computation systems [18-20]. By leveraging the principles of quantum mechanics, this field aims to overcome the limitations
of classical technologies. This quantum framework also unlocks entirely new phenomena with no classical parallel, such
as entanglement, i.e., the strongest resource of quantum correlation, as well as the no-cloning theorem, which forbids the
perfect duplication of unknown quantum information, motivating a deeper study of fundamental communication limits. Action
dependence is relevant in quantum communication as well. For example, a quantum measurement by the encoder on the
transmission system could result in a state collapse of the channel input environment.

Quantum environment-dependent channels are crucial for studying scenarios that involve not only the transmission of a
message, but also parameter estimation, a central task in fields such as quantum metrology. These types of quantum Gel fand-
Pinsker channels have been studied, both with and without entanglement assistance [21] (see also [22]). The security implications
have also been explored in the quantum setting through wiretap channels [23] and covert communication [24]. Other variations
include scenarios in which the decoder performs parameter estimation [25]. The action-dependent framework has not yet been
studied in the quantum literature thus far.

In this paper, we introduce the quantum action-dependent channel. Our action dependence model modifies the environment-
dependent paradigm by allowing the transmitter’s actions to influence a quantum environment; this environment then generates
the channel’s governing parameters, giving the message direct influence over the communication conditions. Specifically, an
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Fig. 1. Coding over a quantum action-dependent channel.

encoder (Alice) first encodes a classical message M into an action sequence G", which is fed into a quantum action channel
TE" o s,- This channel produces side information Sg, for Alice, and an environment system S™. Alice then encodes the message
and the side information into her transmission A", which is sent through the quantum communication channel ?X .- The
receiver (Bob) obtains the output sequence B", and performs a measurement in order to estimate Alice’s message.

The framework is the quantum counterpart of the classical action-dependent channel introduced by Weissman [8]. However,
the generalization is nontrivial due to fundamental quantum principles such as the no-cloning theorem. While a classical channel
parameter can be perfectly copied and then sent back to the transmitter, an unknown quantum state cannot. Consequently, the
side information is modeled as entanglement shared between two distinct systems, .S and Sy, where S represents the environment
affecting the channel, and Sy is the side information available to Alice.

We derive an achievable rate using one-shot information-theoretic methods. These techniques establish non-asymptotic
performance bounds by directly analyzing the error probability for a finite number of channel uses, rather than relying
on asymptotic arguments. The introduction of action dependence makes this analysis more challenging than in previous
environment-dependent channel models [23, 25]. In previous settings, the shared quantum state between the transmitter and the
environment is set by an outside source. Whereas here, the transmitter’s action induces the shared entangled state. Consequently,
our analysis must account for this additional layer of control. The formula of our capacity bound thus includes optimization
over not only the input state, but also the a quantum ensemble for the sender’s action.

II. NOTATION AND BASIC DEFINITIONS

We use standard notation from quantum information theory. Quantum systems are denoted by uppercase letters (e.g., A, B)
and their corresponding finite-dimensional Hilbert spaces by H 4, H g. The set of density operators on H 4 is Z(H 4). Quantum
states (density operators) are denoted by greek letter, e.g., p,o. A POVM is a set of positive semi-definite operators {D,,}
that satisfy ) D,, = 1, where 1 denotes the identity operator. If the quantum state before the measurement is p, then the
probability of an outcome m is Pr(m) = Tr(D,,p).

A quantum channel A4, p is a completely positive trace-preserving (CPTP) map. Here, we consider a quantum channel
Nsa_,p, where A, S, and B are associated with the transmitter (Alice), the channel environment (“channel state"), and the
receiver (Bob). The channel can be represented through its Stinespring dilation, in terms of an isometry Vg4, g that couples
the output system to an auxiliary environment . Namely, Nsa_,p(psa) = Trg [Vps AV*]. We assume that the channel is
memoryless. That is, if an input sequence (5™, A™) = (S1,41),...,(Sn, Ay) is transmitted through the channel, then the
input state pg» 4» undergoes the tensor-product map N, ?X . - We will see that in the action-dependent model, the channel
environment S is affected by the encoding operation. See Section V.

For a quantum state p, the von Neumann entropy is H(p) = — Tr(plog p). For a bipartite state pap € 2(Ha @ Hp),
the quantum mutual information is defined as I(A;B), = H(pa) + H(pp) — H(pap), and the conditional entropy as
H(A|B), = H(pap) — H(pp). Unlike its classical counterpart, the quantum conditional entropy can be negative.

The quantum relative entropy between two states p and o in Z(H) is defined as D(p|lo) = Tr(p(logp —logo)) if
supp(p) C supp(o), and D(p|lo) = 400 otherwise. The Sandwiched Rényi Divergence [26] is defined as Dy (p||o) =
ﬁ log Tr|o = palz;aa

Other key definitions are given below [27]:

1) Pinching: For a Hermitian operator A = ). a;II; with projectors II; onto its eigenspaces, the pinching map is £4(B) :=

>, 1; BIIL,.

2) Fidelity: F(p,0) := || /o[-

3) Purified Distance: P(p,0) := /1 — F?(p,0).



ITII. ACTION-DEPENDENT CODING

Before presenting our main results, we introduce a code for the transmission of messages via a quantum action-dependent
channel, where the encoder selects an action that affects the channel environment. Specifically, Alice has two roles: she encodes
both the action G and the transmission A through the channel. Her action encoder sends G through an action channel 7¢_, g5,
that produces Alice’s side information Sy and the channel environment S.
Definition 1 (Action-Dependent Code). An (M, n) code for communication over a quantum action-dependent channel Ng4_, g,
that is governed by an action channel T¢_,gg,, consists of:

1) An encoder that comprises two stages:

¢ action encoder that prepares a quantum action state p(Gn € 9(7—[®") forme{l,...,M} =M
« transmission encoder £y o ﬁ 4n that receives the side-information S§' and prepares the channel input A™.
2) A decoding measurement, i.e., a POVM {D,,}}_, on the output Hilbert space H5".

The coding scheme works as shown in Figure 1. Alice selects a uniform message m € M. She first prepares the action
state pg’i). The action system G™ which is then sent through the action channel, producing

pon. sp = T6 550 (Pe)- 1
Given the side information S§, Alice applies the transmission encoder:

P = iden @ EGY, 4 (P00 ). )

Both the input environment S™ and Alice’s transmission A™ are fed into the channel N, ®Z" _, g» hence

pB" NSA—>B(pS"24") €))

Bob receives B™. He performs the measurement {D,,,} to obtain an estimate of Alice’s message.
For an (M, n,e) code, average probability of error is bounded by ¢, i.e.,

1 m
=1 i Z Tr [Dm pfgn)} <e. )
meM

Definition 2 (Achievable Rate). A communication rate R is said to be achievable for the quantum action-dependent channel
Nsa—, B, with respect to the action channel 75— ss,, if for every €,d > 0 and sufficiently large n, there exists a (2"(R’5), n,e)
code. The channel capacity Cgap is defined as the supremum of all achievable rates, where the subscript ‘QAD’ indicates the
quantum action dependence.

IV. MAIN RESULT
We now state our main result, an achievable rate for the quantum action-dependent channel.
Theorem 1 (Achievable Rate). The following rate is achievable for the quantum action-dependent channel:

Riow = I(VU;B), — I(V;S|U),, (5)

with respect to a classical auxiliary pair (V,U) ~ pyy, a state collection {o¢}, and an encoding channel Fg ., ,, such that
9580 = Ta—550(96); (6)

Psa =1ds @ F5 a(05s,), (7)

PVUSA = ZPV,U(% u) [of{vly @ [u)uly ® pgs, ®)

u,v

where pi, = Y\, pviu(v|u) [v)Xv|. Hence, pvyp = idvy ® Nsasp(pvusa). Equivalently, the capacity of the quantum
action-dependent channel Ng4_,p satisfies

Cqap > max I(VU;B),—I(V;S|U),. 9

pvu, o0&, F, go —A

Remark 1. Previous work has considered side information when the quantum state ogg, is fixed and dictated by the model
[23-25]. This fixed state represents the entanglement between the environment subsystem S and the side-information subsystem
So, which is accessible to Alice. By utilizing the side information Sy, Alice’s encoder can generate entanglement between
the channel input and its environment S. In this sense, we can regard Alice as being entangled with the channel, and this is
a key feature of quantum side information at the transmitter. In our model, however, the state o§ So depends on the action
encoding u chosen by Alice. This added degree of freedom allows Alice to influence the channel environment S by selecting
different actions. This is analogous to the classical action-dependent channel model in [8], where the channel parameter is a
noisy version of Alice’s action.



V. ONE-SHOT CODE CONSTRUCTION

In this section, we introduce a coding scheme for the one-shot setting, of n = 1, over the quantum action-dependent channel
(see Figure 1). Let Ns4—, 5 be a quantum action-dependent channel. Let 7,55, be the action channel, that generates Alice’s
side information subsystem Sy and the environment subsystem S. Consider the quantum states defined in Theorem 1: ogg is
the entangled state produced by the action channel 7¢_.ss,, hence, pyrsa is the channel input, and the corresponding output
is pyvp = idyy @ Nsap(puvsa).

We now describe the one-shot coding scheme.

A. Codebook

Let R, Rs > 0 denote the coding rates corresponding to the information and action encodings. First, the action-encoding
codebook Cy := {u(m)}meqa,...,2r) is sampled from a random set of i.i.d. codebooks Cy, distributed according to pyr. Then,
let Cy(m) = {v(m,1),v(m,2),...,v(m,2%)} be 2% sub-codebooks such that v(m, ¢) are drawn independently according
to py|u(-|u(m)). Both are revealed to Alice and Bob. The overall codebook is C := Cy U {Cy(m)}. We use the notation C
for a deterministic codebook and C for a random codebook.

B. Encoder

Our encoding scheme consists of two parts, action encoding and message encoding:

1) Action Encoding: For each value u, let |Jg Ko> be a purification of the state o, with K as a reference.
Given a message m, prepare ’aé(;f», and transmit G through the action channel.

Consider a Stinespring dilation of the action channel, with an isometry T _,ss,x,, Where K is appended the channel

environment S and the side information Sy. Upon the action encoding above, this channel acts on ’gg(;?> to produce
the joint state wg(s?;l K0>:
o k) =T Li, [oes) 10
/(/)SS()KlKo G—SSo K1 ® Ko OGKO : ( )
2) Message Encoding: Alice implements the encoding map SLZ(E";Q on the side-information subsystem Sj. Consider a
Stinespring dilation with an isometry Eggi?T This produces the channel input state
v(m,£),u(m v(m,L u(m
PRI ) = (1s © B 0 @ L, k) [k, ) (an
Overall, Alice’s state is
12
m o v ma€)7u(m)
|98 arKk KoL) = —7= Z pS(ATKlK > ®|0). (12)
V2Rs = ’

According to Uhlmann’s Theorem [27], for every pair of purifications [¢) , ; and |¢) 4 of p4 and o 4, respectively, there
exists an isometry We_, g such that F(pa,04) = F(|[)¢| 45, W(|¢)| 4c)WT). Then, in our case, it follows that there
exists a set of isometries,

WG S arptmem € £ (Hs, > Ha@Hr @ Hy) (13)

v(m,€),u(m) > )

u(m . u(m
that map from ‘¢S(SOI)(1KO> to |¢?ATK1K0L>’ or equlvalently, from ‘¢Sgof)(1Ko> to pSATKlKU

Using the short notation W™ = 1g ® W& s arp © 1k ko

m Trm,u(m Trtm 1 v(m,l),u(m u(m
P(¢SATK1K0L7W WSE%I)QKO)WT ):P<2RS E Ps( )l )70’5( )>- (14)
leL

Given a message m, Alice applies the isometry Wg'_, 47/ on ’wg(STI)Q Ko> and transmits A over the action-dependent

channel.



C. Decoding

We would like to design a POVM measurement {D,,,} on the system B that distinguishes between the states {psgm)}meM
with high probability. Let £ be the pinching map associated with pyy ® pp such that: pyy ® pp =Y, y ALLy is the spectral
decomposition of pyy ® pp. The pinching map &; is defined as: & (p) = >, II\pIlx, where {II\} are the orthogonal
projectors onto the eigenspace of pyy ® pp. We define 11 as the number of distinct nonnegative eigenvalues of pyy ® pp.
Now &1 (pyvup) is block-diagonal in the eigenbasis of pyy ® ppg, thus it commutes with pyy ® pp. The pinching of pyyp
with respect to pyy ® pp is defined as:

Eilpvus) = Ty (ZPVU(%U) [v)vly @ [ufuly @ Pg“) IIx (15)

A=1

v,u

For two Hermitian matrices A and B, we define the projection {A > B} as >, APy , where the spectral decomposition
of A— B is given as Y, APj. In this notation, Py is the projection to the eigenspace corresponding to the eigenvalue A. Then,
let

vy = {& (pvus) > 275 pyy @ ppl. (16)

For every m € M, ¢ € L, we define:
v(m, 0) =Trvy [Myup (Jo(m, )Y e(m, O)] @ [u(m))u(m)| @ 15)]. a7

Our set of POVM operators are then normalized as

Nl=

1
2
Bm, &)= [ > vm" &) ~Am,0) | D v(m, ) (18)
m’ ¢ m’ ¢
for (m,¢) € M x L.
We are now ready to state our one-shot result.
Proposition 2 (One-shot error probability). Let e € (0, 3). Then, the average error probability is bounded by:

2 vy 9aDiyalpvusllpv-uv-s) (19)

Exl30] < 19 . a2a[R+Rs_ﬁl—a(l)VUBH/’VU@PB)]
C[pe ]— 141 QIHQQQRS

with
pPV-U-s = ZPU(U) |[u)ul @ py @ pi (20)

where v is the number of distinct eigenvalues of pyy ® pp, and vo is the maximum number of distinct eigenvalues of
{06 Yomewm.
The proof of Proposition 2 is given in Appendix A.

VI. PROOF OF THEOREM 1
We consider the average error probability as the number of channel uses n goes to infinity. Let dy ¢y be the dimension of
Hy @ Hy @ Hp, and dg be the dimension of Hg. As shown in [28, Lemma 3.9], we can bound v; and 15 as follows:
v < (n+1)70ET
vy < (n+1)% 7t @21
Based on Proposition 2 for n uses of the channel, there exists a (deterministic) codebook C such that:
voorg")]

Z—,gn) <12(n+ 1)0‘(‘1‘/1113—1) 9a[n(R+Rs)=Di—a (PP 11005 ®0E

2 (n+1)*@s=1)
aln? 2anRs

Hence, the error probability tends to zero as n — oo, provided that

QQDIJra(P%Z'sHp%iUfs). (22)

+

1- . 1
R+ Rs < —Dia (P27 L11p%r @ pS™) — aldvus — 1)~ log (n+1), (23)

and

alds — 1)

1~ n n
Rg > £D1+0¢ (ngSHpngfs) + log (n+1). (24)



In the limit of n — oo and o — 0, the bounds reduce to [27]

0
Rs >I(V;S|U)p+§, (25)
)
R+R5<I(VU;B),,75. (26)
Where 6 > 0 is arbitrarily small. We deduce that the error probability tends to zero for
R<I(VU;B),—I(V;S|U), — 4. O 27
APPENDIX A
PROOF OF PROPOSITION 2
Let O (m) be the state Bob receives:
Op(m) = Trrk, koL {NSA—>B (Wm(iﬁggT}(lKO)WTm)} (28)

given that the message m was transmitted. Furthermore, let 6 p(m) be the average state that Bob receives, when averaged
over the sub-codebook of Cy (m):

A 1 v(m,l),u(m
On(m) = gz o™, (29)
LeL

By the symmetry of encoding and decoding, we may assume without loss of generality that Alice sent m = 1. Consider the
pinching-based decoder {3(m,€)} . c)emxL that has been constructed in Subsection V-C. We now bound the average error
probability as follows:

Ec[pV] = Pr(M 41| M= 1)

Wee | || S B0 | 05(1)
m'#1 4

—
INS

2Bc [Tr || DY B(m.0) | 65(1)]|]| +2Ec e[ > Bm/,0) | ©5(1)
m'#1,4 m'#1,4
2

e[| > Bm/,0) | ©5(1)

m'#1,4

Y ke T 3 B, 0) | 651 || +2Ec [P (93(1), éB(l)ﬂ (30)
m/#£1,0
where (a) follows ;ince the error events are disjoint, (b) is obtained by rewriting the left-hand side term as A =
(\/E + VA - \/E) and then applying the inequality for non-commutative x and y: (z + 3)? < 2(2? + 32). (c) is obtained
by > 1 B(m’,£) < 1, and for any two quantum states p,o € Z(H) and an operator 0 < A < 1 we have the following
inequality: ‘\/Tr[Aa] - \/Tr[Ap]‘ < P(o,p) [23, Fact 7].
The first term on the right-hand side of (30) can be written as

Y Ec [Tr [(ﬁ(m’,e))éBu)H :RLSZ S Ee [Tr {(5(m,7 g))po(LemumH
7

m/#1,L m/#1,

= Y Eo [T [(B0n,0) o]

m/£1,0
< Ec [Tr[(1 - B(1,1)) o]

< 2B [Tr[(1 -y, 1) o O] 4 >0 Eo [Te[(0m,0) o]
(m’ 0)#(1,1)

€2y



where the last inequality is based on the Hayashi-Nagaoka operator inequality [29]: let 0 < .S < 1,7 be positive semi-definite
operators on a Hilbert space . then

1-(S+T) *S(S+T)"% <2(1—8)+4T. (32)

In our case, we have S =(1,1) and T'= 3,/ 4)_+(1.1) 7(', {). The next steps follow similar lines as in [23, 24]. We obtain
an upper bound on each term on the right-hand side of (31) by using the following lemmas.

Lemma 3. For every o € (0, %), and R, Rs > 0 we have:

Tr[(]l — HVUB) PVUB] SnyO‘[RJFRS*Dl—a(PVUB||PVU®PB)] (33)

9R+Rs my. Myus (pve @ ps)] <vf 9a[R+Rs—Di—a(pvusllpvu®ps)] (34)

The proof of Lemma 3 is given in Appendix B.

Lemma 4 (see [23, Lemma 7]). Let pyys = Tr[pvusal be a classical-quantum state. Furthermore, let C =
{v(1),...v(2f),u} be a collection of random variables such that for every i € {1,...,255}, (v(i),u) ~ pyv, (v(i),v(i")) ~
Pv(i),U * Pv(ir),u. We consider the following state:
1
(N v(m,£),u(f)
TS' = 273 Z pS . (35)
teL

Then, for « € (0,1), there exists a constant 5 > 0 such that:
1 v

— 550 2aD1+(x(PVUSHpV7(}—S) (36)

Ec [Drta(mSllod)] <

Where py_y—s £ 3, pu(w)|u) (u|u @ pyju ® psju, v2 is the maximum number of distinct eigenvalues of the states {ps|y }u-

In the next step, we will bound each of the terms in (31), starting with the first one on the left:

2e [Te[(1 = (1, 1)) pi" ]|
© 98 [T ~ Trvo vus (o(L D)e(L )] @ [u(Du(1)] © 1)) o]

= 2Ec [Tr|(1 = Trvu[Myus(lo(1, D)Xe(1,1)] @ [u(D)Xu()] @ 1)) (idve @ o0 O] |
2B [T (1~ Myua(le( D)o(L, D] @ [u(L)u(D)] © 1p)) (idve @ o )]
(- Tvos) Be (Jo(1, D)Xe(1, )] @ lu()Xu()| @ o0V |

(1 -Tlyus) (vau(v7U) [o)(v] @ |u)ul ® p@“)H

v,u

-9 [Tr

=2 |Tr

99T~ yus) prus]

é 9. V?2Q[R+RS_D1—Q(PVUBHPVU@PB)]- (37)

Where
e (a) is obtained by the definition of (1, 1) as in (17),
« (b) is obtained from the linearity of the trace,

c

(

) is obtained by taking the expectation with respect to the random codebook C,
d) is obtained by Lemma 3.

As for the second term in (31):

43 Eo|m(0m, o)t
(m”,6)7#(1,1)

D4 Y Eo [T(Mrvulvus (o', O}’ 0] @ [u(m)u(m')| @ 1)) o]

(m/,£)#(1,1)

—4 Y Bo [ (Wun(iolm’, ), 0] @ lutmutm')| @ g O) |
(m/,6)#(1,1)

(b)

D4 Y w[Ee [(Wvos(ul’ )i’ 0] @ utm)uim)] © o O)]]
(m/,£)#(1,1)



v, U

u') ')’ @ [u)u'| @ pi

=4 Z Tr Myyp Z Pr(v(1,1) = v,o(m’, ) = v, u(l) = u,u(m’) =
(m’,0)#(1,1) v’ u,u’

=4 Y T |Tyos | Y, pvulwpvo o) )@ )| @ pit
(m’,£)#(1,1) v, w,u’

=4 Z Tr {Dyyp Z pvu (@, u) o) | @ [u )| | @ <Z pvu (v, u)p%:")
(m’,€)#(1,1) v’ u’ v,

9y Z Tr Mvus (pvu @ pB))
(m’,£)#(1,1)

(d)
< 4. ofFRs Ty Hyvus (pvu @ pB)]

(24 l/a2a[R+Rs D1 a(vaB||PVU®pB)}

(38)
where
e (a) is obtained by the definition of «(m,¢) as in as in (17),
e (b) is obtained from the linearity of the trace and E¢,
e (c) is obtained by taking the expectation with respect to the random codebook C,
o (d) is obtained due to the fact that (v(m, £),u(m)) is independent of (v(m’,£'),u(m’)), for (m,€) # (m', '),
« (e) is obtained by Lemma 3.
By combining the two terms in (31) we obtain the following bound:
Z Ec {TY {(ﬂ(m’,f))éB(l)H <6- V{’Q“[RJFRS_D“"("VUBH”"U®”B)] 39)
m/#£1L
Now we only have to deal with the second term in (30):
. 2
Ec {P (93(1)793(10 ]
) 2
(a) T u v(1,£),u(l
L Ec |P (TI"TKlKOL [NSA—>B (W(l)(¢ (10) KiK. D)WT(D)} ) RS it )>
el
) 2
=[Ec |P <T1"TK1KOL [NSA—>B ( (wZSOKlKO)W“”)} ) 3RS ZTI"TKlKO [NSA—>B (pgﬁ;ﬁ}é%)})
ceL
u(l
[P (¢SATK1KOL,W“><¢) LN
2
(c) v(1,0),u(l u(l
i el
(i) IEC P(TS apS(1)> :|
©_ [ _p (1.2 )
< Eg |1 -2 PrelTs rs
.. o)
< In2Ec [D1+a (TS »Ps )}
(9) 1 1/20‘ D
< 90D11a(pvuslev-v-s) 40
~ «aln22%ks ’ “0)

where
« (a) is obtained by substituting the definition of © z(m) and O p(

m) on the right-hand side of the expression.

e (b) is obtained by the fact that monotonicity of the purified distance does not increase under quantum channel

Trrk, ko Nsass(+).
e (c) is obtained by (14)
e (d) 1is obtained by using
> o pviv (vlu) [Tra pgy] =

the notation Tgl to represent the

u
TI‘SO O’SSO.

v(1,0),u(1
p(’) ()’

average state y:%Zeeﬁ S and



o (e) is obtained due to the fact that for quantum states pa,04 € Z(A), F?(p,0) = 27 P1/2(llo) > 9=Ditalello) [23 Fact
51

o (f) is obtained using the mathematical inequality 1 — 27% < zln 2.

e (g) is obtained by applying Lemma 4.

The proposition 2 then follows from (39), and (40).

APPENDIX B
PROOF OF LEMMA 3

We start by achieving an upper bound for (33):

Tr[(I - yys) pvus] @ Tr(& (1 - yus) pvus))
b
Y [(1 - Myus) & (pvus)]
1
=Tr[(1 - vus) &lpves)'  *Elpvus)®], Vae (0’ 2)
(c)
< 2a(R+Rs) Tr[(]l _ HVUB) gl(pVUB)lia(pVU ® PB)Q]

(d)
< 2a(R+RS) Tr[E(pvun)' ™ (pvu ® pB)?]
BER) Te[(pyy @ pB) 2 E1(pvur) ™ (pvu @ pB) ¢ ]

11—«
a(R+Rs) Tr|: PVU ®pB 2(1 a) gl(pVUB)(pVU ® pB)2(1 a)) ]
= 20(F+Rs) Ty [( pvu ® pr)7T0™ & (pvus) (pvu © PB)Q“G*“’)

a —a
x ((pVU ® pp)™0 € (pvus) (pvu ® PB)m)

)
& galR+Rs) Ty [( pvu @ pB) pyus (pyu @ PB)QGOLQ)>
)

((PVU ® pB Heen) & (pvus) (pvu ® PB)QU(L”)

() o o
< ga(B+Rs) oy K(pVU ® pr)*= pyup (pvu ® pB) 2“7‘”)

o o \-a
8 (('OVU ® pp)* pvus (pvu & pB)z(lfa)) ]

o o l1-a
_ 2a(R+Rs)Vil Tr {((PVU ® pB)72(1—a) PVUB (pVU ® pB)2(17a)) :|

_ V?QQ[R—FRs—Dl—n(PVUBHPVU@PB)]. 41

where

o (a) is obtained due to the trace-preserving property of pinching.
o (b) is obtained from the definition of Iy 5 in (16). The projector 1 — Iy g can be defined as:

L-Tyop =Y, > > [ofvly ® [u)ul, @ [bXb], - (42)
vETy €Ty bETR

Then, by applying the pinching map &; (pyyp), it follows:

&ilpvun) ZH/\ (ZPVU (v, u) [o)vly @ [u)uly, ®/’1§u> 115}

v,U

= Z [uAXvaly @ [uaXualy @ [bAXbAl (ZPVU(% u) [ofvly @ [u)uly ® PE“) [uaXvaly @ [uaXualy @ [bAXDAl 5

A=1 v,

=Y pvu(v,u) [oafoaly @ [ua)ualy @ (D200l 95" (D )bAl 5
A=1

= oy (v w) (5l P [ba) [oxXealy @ fuaKusly © [ba)bal s (43)
A=1



Thus:

& (I -Hyys) pvus)
= > [wXoly ® [ufuly @ [b)bl (1 —Tlves) pvus [v)Xvly @ [uXul, @ DY 5

v,u,b

= >~ Jo)uly @ lu)uly [b) bB<Z oS v|®u><u|®b><b’|> pvus [o)oly ® [u)ul )bl 5

v,u,b v ETy wETy b'ETE

=" [o)vly @ [u)uly [B)X0] ( 3 Y prul,u) ) @ )| @ |b’><b'|pg!’“/> [o)oly ® [u)uly [BYbl 5
v,u,b veTy v eTy b eTr
=3 3N prou) o)oly ® [u)uly © )0 o [B)0] 5
vETy uETy bETH
=3 50> pvu(v,u) (8] ol 1B [o)oly @ u)ul, © [bXb]
vETy uETy beTp
= (1-Hyug)&(pvus) (44)

(c) is obtained due to the definition of IIyy g in (16), and since f(z) = x® is a matrix monotone function Vo € (0, 1]
e (d) is obtained because 1 — IIyyp <1

(e) is obtained by by the fact that for two states p,o € Z(H), and &, is the pinching map with respect to o: Tr [po] =
Tr [E5(p)o]
e (f) is obtained by the pinching inequality. For two states p,oc € 2(H), and &, is the pinching map with respect to o,
then p < v€,(p) [23, Fact 9].

Using similar steps (34), is proven:

—Q 1
2B RS Ty My (pyy @ pp)] = 28785 Tr {HVUB (pve @ pg)' " (pvu ® PB)OC} Vo € (O’ 2)
(a)
< oR+Rsg—(R+Rs)(1—a) Ty [HVUB& (pvun)' ™ (pvu ® PB)Q}
b) a(R+Rs) -« o
<2 s/ Ty {51 (pvus) " (pvu @ pB) }

- o 11—«
= 9(B+Rs) Ty [((pvu ® pp)2-2 & (pvun) (pvu ® pB) 2“‘”‘)) ]

(2 V?QQ[RJFRS*Dl—a(PVUBHPVU®PB)]' (45)

where

o (a) is obtained due to the definition of IIyyp in (16), and since f(z) = «® is a matrix monotone function Yo € (0, 1]
e (b) is obtained because Iy yp < 1

e (c) is obtained from the first part of the proof.
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