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The Multiple-Access Channel With
Entangled Transmitters

Uzi Pereg™, Member, IEEE, Christian Deppe ™, Senior Member, IEEE, and Holger Boche™, Fellow, IEEE

Abstract— Communication over a classical multiple-access
channel (MAC) with entanglement resources is considered,
whereby two transmitters share entanglement resources a priori
before communication begins. Leditzky et al. (2020) presented
an example of a classical MAC, defined in terms of a pseudo
telepathy game, such that the sum rate with entangled transmit-
ters is strictly higher than the best achievable sum rate without
such resources. Here, we establish inner and outer bounds
on the capacity region for the general MAC with entangled
transmitters, and show that the previous result can be obtained as
a special case. It has long been known that the capacity region
of the classical MAC under a message-average error criterion
can be strictly larger than with a maximal error criterion
(Dueck, 1978). We observe that given entanglement resources,
the regions coincide. Furthermore, we address the combined
setting of entanglement resources and conferencing, where the
transmitters can also communicate with each other over rate-
limited links. Using superdense coding, entanglement can double
the conferencing rate.
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I. INTRODUCTION

OOPERATION in quantum communication networks has

gained considerable attention recently driven by both
experimental advancements and theoretical discoveries [3],
[4], [5], [6], [7]. The multiple-access channel (MAC) is a
fundamental model for network communication. Quantum
resources in communication over the MAC are considered
in the literature in various settings. Winter [8] derived a
regularized characterization for the classical capacity region
of the quantum MAC. Furthermore, the authors of the
present paper [9] considered the quantum MAC with cribbing
encoders, whereby Transmitter 2 has access to (part of) the
environment of Transmitter 1. Boche and No6tzel [10] studied
the cooperation setting of a classical-quantum MAC with
conferencing encoders, where the encoders exchange messages
between them in a constant rate (see also [11]). Hsieh et al.
[12] and Shi et al. [13] addressed the model where each
transmitter shares entanglement resources with the receiver
independently.

Leditzky et al. [14] presented an example of a classical
MAC such that sharing entanglement between transmitters
strictly increases the achievable sum rate (see also [15], [16],
[17]). Recently, the classical upper bound has been improved
showing that the sum rate increases from at most 3.02 to
3.17 bits per transmission [18]. The channel construction
in [14] is based on a pseudo-telepathy game [19] where
quantum strategies guarantee a certain win and outperform
classical strategies. Additional observations are developed in
[20] as well. Fawzi and Fermé [21] have also established
separation in a more fundamental example, the binary adder
channel, when the transmitters are provided with non-singaling
correlations [22]. By analyzing the zero-error capacity region,
it was shown that the sum rate increases from 1.5 without
correlation resources, to 1.5425 bits per transmission in this
case [21]. We have shown that the dual property does not hold
for the broadcast channel, i.e., entanglement between receivers
does not increase achievable rates [23].

The potential benefits of the sixth generation of cellular
networks (6G) are significant, with anticipated improvements
in latency, resilience, computation power, and trustworthiness
for future communication systems, such as the tactile internet
[24], which involves not only data transfer but also the
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The classical multiple-access channel Py-|x, x, with pre-shared entanglement resources between the transmitters. The entanglement resources

(quantum systems) of Transmitter 1 and Transmitter 2 are marked in red and blue, respectively.
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Fig. 2.
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The classical multiple-access channel Py-|x, x, with pre-shared entanglement resources and classical conferencing between the transmitters. The

entanglement resources of Transmitter 1 and Transmitter 2 are marked in blue and red, respectively. The conferencing links are indicated by double-line

arrows.

control of physical and virtual objects. Resilience plays a
very important role in achieving trustworthiness. Quantum
resources are expected to play a crucial role in achieving these
gains, as highlighted by [24] and [25]. By enabling cooperation
between trusted hardware and software components, future
communication systems could isolate untrusted components
and substantially reduce the attack surface of the communica-
tion system [24], [26]. In particular, cooperation in the form of
conferencing encoders can significantly increase the resilience
of the communication system to jamming attacks. In [27],
MACs were investigated for which without conferencing no
communication is possible in the case of adversely jamming
attacks, but even with arbitrarily small positive conferenc-
ing rates reliable communication between the sender and
the receiver is guaranteed. Conferencing can thus prevent
denial-of-service attacks for these channels. For a complete
characterization of these scenarios, see [27], [28]. Quantum
resources and cooperation also offer additional advantages,
such as improved performance gains for communication tasks
and the reduction of the attack surface, making them highly
promising for 6G networks, as discussed in [29] and [30].
Investigating communication with cooperation in the form of
entanglement resources could lead to more efficient protocols
for future applications, making this an interesting avenue for
further research. Cooperation and entanglement are important
techniques to meet the very demanding requirements of 6G
and future communication systems. The potential of these
techniques for 6G has not really been explored in the literature

until now. This paper aims to initialize this research direction.
We only consider senders and receivers that are trustworthy,
i.e. that adhere to the specified communication protocol.
Especially in complexity theory, other interactive communi-
cation scenarios have also been examined with regard to their
complexity behavior. This research direction is also interesting
for communication with manipulative communication parties
and should also be investigated for 6G applications in the
future.

Here, we consider communication over a two-user clas-
sical MAC with entanglement resources shared between the
transmitters, a priori before communication begins. We estab-
lish inner and outer bounds on the capacity region for the
general MAC with entangled transmitters (see Figure 1),
and show that the result by Leditzky et al. [14] can be
obtained as a special case. We also point out the following
change of behavior. In general, achievable communication
rates may also depend on the error criterion. Without entan-
glement resources, Dueck [31] showed that the relaxation
of a message-average error criterion can lead to strictly
higher achievable rates, when compared with a maximal error
criterion. Here, however, we show that the capacity region
with entangled transmitters remains the same, whether we
consider a message-average or a maximal error criterion.
Furthermore, we consider the combined setting of entan-
glement resources together with conferencing between the
transmitters (see Figures 2 and 3). In this setting, in addition
to pre-shared entanglement resources, the transmitters can now
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Fig. 3.

Pyixix, | y" 1y, Mo

The classical multiple-access channel Py-|x, x, with pre-shared entanglement resources and quantum conferencing between the transmitters. The

quantum systems of Transmitter 1 and Transmitter 2 are marked in blue and red, respectively.

communicate with each other over either classical or quantum
noise-free links at a limited rate. In the classical conferencing
setting, we derive inner and outer bounds on the capacity
region of the MAC with entangled transmitters. In the quantum
conferencing setting, we establish an achievable region and
show that entanglement can double the conferencing rate
through superdense coding.

The remainder of this paper is organized as follows.
Section II reviews related work on the MAC with classi-
cal correlation between the transmitters. Section III includes
basic definitions and the model description. In Section IV,
we present our main results on the classical MAC with
entangled transmitters, where the entanglement resources
can be either unlimited (Section IV-A), or at a limited
rate (IV-B). We examine the example by Leditzky et al. [14] in
Section IV-C, and consider the effect of classical and quantum
conferencing on the capacity region in Section V. We prove
the main results in Sections VI-A-IX. In Section VI-A, we
show that our formulas are exhausted with finite-cardinality
auxiliary variables. In Sections VII and VIII, we prove
the capacity theorems for entangled transmitters, and in
Section IX, for both entangled and conferencing transmitters.
In Section X, we summarize and discuss open directions, and
in the appendix, we show that the capacity regions associated
with the average and maximal error criteria are identical.

II. RELATED WORK

We briefly review the related work on the multiple-access
channel (MAC) with classically correlated transmitters.
In communication, shared entanglement is often thought of
as the quantum version of common randomness (CR), which
is a random key that is shared between the two parties. Indeed,
generating CR is one of the most fundamental uses of entan-
glement. The MAC setting provides yet another demonstration
of how entanglement is much stronger than the classical CR
correlation. We will come back to this point later on (see
Remark 8).

A. Basic Definitions for Classical Systems

We use the following notation conventions for classical
systems. Script letters X', ), ... are used for finite sets. Lower-
case letters x, y, . . . represent constants and values of classical

random variables, and uppercase letters X,Y,... represent
classical random variables. We use 2" = (z[i]);_, to denote
a sequence of letters from X, where r is a positive integer.
The distribution of a discrete random variable X is specified
by a probability mass function (pmf) px(x) over a finite
set X. The respective i.i.d. distribution is denoted by p%,
namely p% (z") = [[;-, px(z[i]). A random sequence X"
and its distribution pxn(2™) are defined accordingly. The
typical set Ag") (px) is the set of sequences = € X™ such
that |[px(a) — 2N(a|z")| < 6 - px(a), for every a € X,
where N (a|z™) is the number of occurrences of the letter
a € X in the sequence x™. The definition is extended to a
joint distribution px y in a natural manner.

A discrete memoryless multiple-access channel (MAC)
(X1, Xo, Py|x, x,,Y) consists of finite input alphabets X},
Xs, a finite output alphabet ), and a collection of condi-
tional probability mass functions Py |y, x,(-[z1,22) on Y,
for every (z1,z2) € X; x X,. Having assumed that the
channel is memoryless, if the inputs x} = (z1[i])", and
al = (xz2[d]), are sent through n channel uses, then the
output is distributed according to P v (y™|zt, z%) =
IT:-1 Pyix, x, (yli] |1[i], 22[i]). The transmitters and the
receiver are often called Alice 1, Alice 2, and Bob.

B. Coding With Common Randomness

We begin with the definition of a code for the classical
MAC Py x, x, with classical CR between the transmitters.
We denote the random element that is shared between them
by z.

Definition 1: A (2"f1 2782 ) code for the classical MAC
Py x, x, with classical CR between the transmitters consists
of the following:

« a key set Z and a probability distribution pz on Z;

o two message sets [1 : 2"%1] and [1 : 2"F2], assuming

2nFx is an integer;

« a pair of encoding functions, ey, : [1 : 2"F*] x Z — AR

for k € {1,2}; and

« a decoding function g : Y™ — [1: 2nf01] x [1: 2n8z2),
We denote the code by € = (Pyz,e1,e2,9).

The communication scheme is depicted in Figure 1. The
transmitters share the classical key z ~ pz. Alice k chooses
a message my, from the message set, [1: 2"F%*], for k = 1,2.
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TABLE I
CAPACITY NOTATIONS

Notation

Assisting Resources

Cert(Py|x1,%5)

Classical common randomness
between the transmitters

Cer(Py | x,,x,)

Pre-shared entanglement resources
between the transmitters

Cerc(Py|x,,x5:C12,C21)

Pre-shared entanglement resources
and classical conferencing between
the transmitters

CerQ(Py|x,, x5, @12, Q21)

Pre-shared entanglement resources
and quantum conferencing between
the transmitters

To send the message m; € [1 : 2"f1], Alice 1 transmits 27} =
e1(my, z) through n uses of the classical MAC Py x, x,.
Similarly, Alice 2 transmits z = ey(ma, z). Bob receives
the channel output y”, and estimates the message pair as
(1, o) = g(y™).
The conditional
€ = (Pz,e1,e2,9) is

P (€|my,me) = ) pa(z)

zEZ

probability of error of the code

>

ym:g(y™)#(mi,m2)
Py, x, (y"e1(m1, ), e2(m2, 2)) (1)

for (my,mg) € [1 : 27F1] x [1 : 27%2], Hence, the maximal
probability of error is
P"™(%) = max P™(€|mi, ms). ()
my,m2

A rate pair (R, R2) is called achievable with classical CR
between the transmitters if for every € > 0 and sufficiently
large n, there exists a (271 27%2 n) code such that the
maximal probability of error is bounded by pim (%) < e.
The capacity region Ccrr(Py|x,,x,) is defined as the closure
of the set of achievable pairs (R;, Ry), where the subscript
‘CRT’ indicates CR resources between the transmitters. See
Table 1.

Remark 1: In general, achievable communication rates may
also depend on the error criterion. In particular, we say that a
rate pair (Ry, R2) is achievable with a message-average error
criterion if for every ¢ > 0 and sufficiently large n, there
exists a (2"%1 2782 ) code such that Fin)(‘g) < ¢, where

F(n)(%) denotes the message-average error probability:

e

2nR1 2nR2

1 n
STy O O PU(@mim). ()
1

mi1=1mo=

P (%)

The capacity region with a message-average error crite-
rion is defined accordingly. Without assisting resources, the
capacity region with a message-average error criterion can
be strictly larger than with a maximal error criterion [31]
[32, Sec. 2.2]. For a general MAC without assisting resources,

the capacity region under a maximal error criterion is
unknown. Nevertheless, Cai [32] has shown that given classi-
cal CR between the transmitters, this is not the case. That is,
the capacity region with classical CR between the transmitters
remains the same, whether we consider a message-average or
a maximal error criterion.

C. Related Work

The capacity theorem for classically correlated transmitters
is given below.

Theorem 1 (See Also [32]): The capacity region of a clas-
sical MAC Py |x, x, with classical CR between the transmit-
ters is given by

Cerr(Py|x,,x,) = U
PvoPx|vogPXx5 Vg
(R1,Rs) : R1 < I(X1;Y|X:2W)
Ry <I(X2:Y|X1Vp) 4)
R1+R2 §I(X1X2,Y‘V0)

where the union on the right-hand side is over the set of
all classical auxiliary variables Vy ~ py, and all classical
channels px, v, for k € {1,2}.

We note that given such an auxiliary variable V{; and
encoding channels py,|y,. the variables Vpe-(X1, Xo)eY
form a Markov chain:

pvo,xl,xg,y(vowh T2,y) = pv, (vo) DXV (z1|vo)
DX, Ve (T2]v0) - Pyx, x, (Y21, 2). &)

The auxiliary variable Vj in the characterization above can
thus be interpreted as the CR key that is shared between
the transmitters. From a mathematical perspective, the union
over py, can be viewed as a convex hull operation, hence the
capacity region is convex [33].

Remark 2: Consider a message-average error criterion,
instead of the maximal error criterion in Definition 1 (see
Remark 1). Then, the convex hull above can also be achieved
without CR through operational time sharing [33, Sec. 15.3.3].
Thereby, the capacity region with uncorrelated transmitters,
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i.e., without resources, is the same as Ccrr(Py|x,, x,). That
is, classical correlation cannot increase the achievable rates,
while entanglement can. The advantage of entanglement will
be demonstrated in Subsection IV-C, based on the examples
by Leditzky et al. [14].

III. DEFINITIONS

In the previous section, we have reviewed previously estab-
lished results on the MAC with classical CR between the trans-
mitters. Here, we describe three settings that involve entangled
transmitters. First, we define coding with entanglement
resources between the transmitters. Then, we add either clas-
sical or quantum conferencing links between the transmitters,
in addition to the entanglement resources. The correspond-
ing definitions are given in Subsections III-B, III-C, and III-D
below, respectively. The notations of the capacity regions are
summarized in Table I.

A. Basic Definitions

The classical MAC Py |x, x, is defined as in
Subsection II-A. We use the same notation for classical
systems as well. In addition, we introduce the following
notation for quantum systems. The state of a quantum system
A is a density operator p on the Hilbert space H 4. The set
of all density operators acting on H 4 is denoted by Z(H ).
Measurement distributions are described in terms of a positive
operator-valued measure (POVM), i.e., a set of positive
semi-denfinite operators {K,},cx such that > K, = 1.
According to the Born rule, if the system is in state p, then the
probability to measure x is px(x) = Tr(K,p). A quantum
channel P4_.p is a completely-positive trace-preserving
(cptp) linear map from Z(H,4) to Z(Hp). A measurement
channel is a quantum-classical channel C4_,x, mapping
p o Kacx(p) = Ypex Te(Kop) o)l where (K. }ocx
forms a POVM [34, Def. 4.6.7].

B. Coding With Entangled Transmitters

We consider coding for the classical MAC Py |x, x, with
entanglement resources between the transmitters. This cor-
responds to the second row in Table I. We denote the
entanglement resources of Transmitter 1 and Transmitter 2 by
E; and Ej, respectively. Let Hg, g, = HE, ® Hg, denote the
corresponding Hilbert space.

Definition 2: A (2"Fa 2nF2 n) code for the classical
MAC Py |x, x, with entangled transmitters consists of the
following:

o a bipartite state g, 5, € Z(Hp,g,) that is shared

between the transmitters.

o two message sets [1 : 2"f1] and [1 : 2"F2], assuming

2" % is an integer;

e two collections of encoding POVMs .7-'1("“) =
{Fé?’l)}x?exln and fémz) = {Fégn?)}zgexzn on E; and
E), respectively, one pair of POVMs for each message
pair (my,mz) € [1:27F1] x [1:2"F2]; and

« a decoding function g : Y™ — [1: 2nF1] x [1: 2nfz2),
We denote the code by € = (U, F1, Fa,g).

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 2, FEBRUARY 2025

The communication scheme is depicted in Figure 1. The
transmitters share the entangled pair F4 E5. Alice k chooses
a message my, from the message set, [1 : 2"F], for k = 1,2.
To send the message m; € [1 : 27f1], Alice 1 applies the
encoding measurement .7-'1("“) to her share of the entanglement
resource, [7;, and obtains a measurement outcome x| €
AT'. She sends z7 through n uses of the classical MAC
Py|x, x,. Similarly, Alice 2 measures the system FEs using

the measurement fémZ), and transmits the outcome x5. The
joint input distribution is thus

F@t, 28 |my, my) = Tr [(Fgf“) ® F;g”?)) \IfElEQ} )

Bob receives the channel output y”, and estimates the message
pair as (my,s) = g(y™).

The conditional probability of error of the code € =
(\117_7-“17]-“279) is

P (€my, my) =

D 2.

ym:g(y™)#(mi,m2) [ (27,2 EX] X XT
[y, 3 ima, m2) Py, x, (y" |27, w?)] (7

for (my,ms) € [1 : 2] x [1 : 27F2], Hence, the maximal
probability of error is
P (%) = max PM™(€|m1,ms). (8)
mi,ma

A rate pair (Ry, Rs) is called achievable with entangled
transmitters if for every ¢ > 0 and sufficiently large n,
there exists a (27" 2772 pn) code such that the maximal
probability of error is bounded by pm (¥¢) < e. The capacity
region Cer(Py|x,,x,) of the classical MAC with entangled
transmitters is defined as the closure of the set of achievable
pairs (R1, Rz2), where the subscript ‘ET’ indicates entangle-
ment resources between the transmitters.

Remark 3: As pointed out in Remark 1, achievable commu-
nication rates may also depend on the error criterion, and the
capacity region under a maximal error criterion is unknown for
a general MAC without assisting resources. We also mentioned
in Remark 2 that Cai [32] has shown that this is not the case
when the transmitters share classical correlation. Similarly,
the capacity region with entangled transmitters remains the
same, whether we consider a message-average or a maximal
error criterion. For completeness, we provide the proof for this
property in the appendix.

C. Classical Conferencing Cooperation

Now, we consider coding for the classical MAC Py x, x,
with both entanglement resources and classical conferenc-
ing between the transmitters. The capacity notation is as in
the third row of Table I. As before, the transmitters share
entanglement resources on a product Hilbert space Hg, g, =
HE, ® Hg,. Now, suppose that given the messages, the
transmitters may communicate with each other over noise-free
classical links at a limited rate. The link from Transmitter
1 to Transmitter 2 has a classical capacity of C7s, and from
Transmitter 2 to Transmitter 1 has a classical capacity of Coq,
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where C'5 and Co; are fixed. In this case, we say that the MAC
has a classical (Cy2, Co1)-permissible conference between the
transmitters.

Definition 3: A (2"%1, 272 p) code for the classical MAC
Py|x, x, with entangled transmitters and classical conferenc-
ing consists of the following:

o a bipartite state Vg g, € Z(Hp,p,) that is shared

between the transmitters.

o two message sets [1: 2"F1] and [1 : 2"F2],

o two sets of T classical conferencing functions

5(122 (1 2"R1] X (le—)q X e X Qét_i})) — Qgt)

Sgtll 1 2nR2] % (9522 X oeee X QY;;)) R Q§21
(10)
for t € [1 : T], where QYLQ and Qgtll are finite
. 0 o
conferencing alphabets, and leQ = Qél L =0. |

T
o two collections of encoding POVMs fl(ml’%*l =
(m1,w3" 1)
{Fm?1 = Yanear

{FJ(/,T%%T“Q)}JEQG;(; on FE; and F,, respectively;
and~

o a decoding function g : Y™ — [1: 2" x [1 : 2nf2),
We denote the code by € = (U, 512, 521, F1,F2,9).

The communication scheme is depicted in Figure 2. The
transmitters share the entangled pair F4 F>. Alice k chooses
a message my from the message set, [1 Q”Rk], for
k = 1,2. Then, Alice 1 and Alice 2 perform a classical
conferencing protocol as follows. In round ¢ = 1, Alice
1 sends a conferencing message wi_o[l] = sgzz(ml) to
Alice 2. At the same time, Alice 2 sends a conferenc-
ing message wo_,1[1] sglll(mg) to Alice 1. Next, in
round ¢ € [2 : T], Alice 1 sends a conferencing message
wiaft] = s?la (m1,wa_1[1],...,we1[t —1]) to Alice 2,
meanwhile Alice 2 sends a conferencing message wo_,1[t] =
sétll (mao,wi—2[l],..., w1t — 1]) to Alice 1.

To send the message m; € [1 : 2"f1] to the receiver, Alice

T
and fémz’wbz)

T
1 applies the encoding measurement fl(ml’wz“l) to her share

of the entanglement resource, F/1, and obtains a measurement
outcome z7 € X{'. She sends x7 through n uses of the
classical MAC Py |y, x,. Similarly, Alice 2 measures the sys-

T
tem E» using the measurement ]:Q(m%wl“z), and transmits the

outcome z%. The joint input distribution given the information
messages and the conferencing message is then

f(x?a x;‘mhm%w%;ww%;ﬂ =

(ml’wgﬂﬂ (mg,wf;2)
Tr | (Fyy ® Fyy Upop|. (D)

Note that the measurement of Alice 1 depends on the received
conferencing messages w1, which in turn, depends on
the message mo of Alice 2. Similarly, Alice 2’s measure-
ment depends on m; through message w{ ,. Therefore, the
correlation between the transmitters is aided by both the
shared entanglement and classical conferencing. Bob receives
the channel output y”, and estimates the message pair as

(111,m2) = g(y").

1101

Let Cy5 and C; be fixed non-negative constants. The code
is (C12, O )-permissible if

’ﬁlrz’ < 2101z and ‘ﬁfﬁl‘ < gnCn (12)
where ﬁfﬁj = o jX e X ol ; is the overall con-

ference message set from Alice k to Alice j. We denote
the T-sequences of conferencing messages, sent from Alice
1 to Alice 2, and from Alice 2 to Alice 1, by wi , =

51 _o(mi,mo) and wl ; = 31 (m1,ma), respectively,
where
T (t) t-\17"
STp(mumz) = [\, (mas20)] a3
and
T (t) -n\1"
Sa(muma) = [0, (maos20)] 0 ae

The conditional probability of error of the code 4 =

(U, 512,821, F1,F2,9) is
> >

pe(")(cg|m1’m2) =

y™:g(y")#(my,me) (27,05 ) EXT X X
f(al, @ my, ma, 51 _o(m1,ma),55_ 1 (m1, ma))
'Pg\xl,xg (y"|z7, 73)

for (my,mp) € [1 : 27F] x [1 : 27F2]. The maximal
probability of error, Pe(") (%), is defined as before (see (8)).

A rate pair (Rp,R3) is called achievable with entan-
gled transmitters and classical conferencing if for every
e > 0 and sufficiently large n, there exists a (Ci2,Ca1)-
permissible code such that Pe(")(%) < ¢. The capacity region
Cerc(Py|x,,x,,C12,021) is defined as in Section III-B,
where the subscript indicates entanglement resources and
classical conferencing between the transmitters.

5)

D. Quantum Conferencing With Entanglement

Next, we consider coding for the classical MAC Py x, x,
with quantum conferencing, while entanglement resources are
available at both the conferencing stage and the transmission.
The capacity notation is as in the last row of Table I.
Here, we denote the entanglement resources that are being
used during the conferencing protocol by E; and Es, and
during the transmission by F; and FEs, corresponding to
Transmitter 1 and Transmitter 2, respectively. Hence, the
transmitters share entanglement resources on a product Hilbert
space Hp, i, g, i2,- NOW, suppose that given the messages, the
transmitters may communicate with each other over noise-free
quantum links at a limited rate with entanglement assistance.
The link from Transmitter 1 to Transmitter 2 has a quantum
capacity of ()12, and from Transmitter 2 to Transmitter 1 has a
quantum capacity of @21, where Q12 and Q2 are fixed. In this
case, we say that the MAC has a (Qi2,Q21)-permissible
conference between the transmitters.

To simplify the model, we consider a single round of
quantum conferencing.

Definition 4: A (271 2782 n) code for the classical MAC
Py|x, x, with entanglement-assisted conferencing transmit-
ters consists of the following:
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a bipartite state Vp 5 5.5, € 2(Hg, B8 5,) that is
shared between the transmitters.
o two message sets [1: 2"%1] and [1 : 2”R2L,

« two conferencing quantum channels Sfﬁg :9(Hgp,) —

P(Mp,_,) and 8% : D(Hp,) — 7(Mp,_,).
e two collections of encoding POVMs Tl(ml) =
{Fé?l)}x{leé‘f{‘ and -7:2(m2) {Fé?z)}zgexg on
FE1Ds_,1 and EsD;_,4, respectively; and
o a decoding function g : Y™ — [1: 27 x [1 : 2nf2),
We denote the code by € = (¥, S1-2,Sa—1, F1, F2, g).

The communication scheme is depicted in Figure 3. The
transmitters share the entangled pair of £} E; and E5E. Alice
k chooses a message my from the message set, [ : Q”Rk],
for £ = 1,2. Then, Alice 1 and Alice 2 perform a quantum
conferencing protocol as follows. Alice 1 applies the quantum
conferencing channel 85212) to her entangled resource Ej,
and sends the output system D;_.5 to Alice 2 through her
quantum conferencing link. At the same time, Alice 2 applies
Séﬁzl) to Fs, and sends the output Dy, to Alice 1. At the
end of the quantum conferencing protocol, we have a joint
state

OE1E2D1_3Ds 1 =

(idp, g, © S @SS (Vp, popyp,)- (16)

Notice that the conferencing protocol exploits the entangle-
ment resources E; and E, to encode Di_o and Dy_.q,
respectively. The remaining resources, F and E5, will be used
in the next stage.

To send the message m; € [1 : 2"f1] to the receiver,
Alice 1 performs a joint measurement .7-"1(”“) on the entangled
resource, [/, together with the quantum conference system
Ds_,1, and obtains a measurement outcome z} € A]'. She
sends z7 through n uses of the classical MAC Py x, x,.

Similarly, Alice 2 performs a measurement .7-'2(m2) on Fy and
Di_,9, and transmits the outcome z5. The joint input distri-
bution is then

[y, zymy,mo) =

Tr [(ngnl) ® Ff?)) GEIEQDHZDQM} . o))

Note that the measurement of Alice 1 includes the con-
ferencing system Ds,_,;, which in turn, is correlated with
the message moy of Alice 2. Similarly, Alice 2’s mea-
surement includes a conferencing system that is correlated
with my. Therefore, the correlation between the trans-
mitters is aided by both the shared entanglement and
quantum conferencing. Bob decodes as usual and estimates
(1) = g(y").

Let Q12 and QD21 be fixed non-negative constants. The code
is (Q12,Q21)-permissible if

dim(Hp, ,) <2"?2, and dim(Hp, ) < 2"9.  (18)
The maximal probability of error, Pe(”) (¥), is defined as
before (see (8)).

A rate pair (R, Ro) is called achievable with entangled
conferencing transmitters if for every € > 0 and sufficiently
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large n, there exists a (@12, Q21)-permissible code such that
Pe(") (¢) < . The capacity region Cer.q(Py|x,,x,, @12, Q21)
of the classical MAC with entangled conferencing trans-
mitters is defined as the closure of the set of achievable
pairs (Ry, Ra), where the subscript ‘ET-Q’ indicates entan-
glement resources and quantum conferencing between the
transmitters.

Before we move on to our results, we summarize the
definitions given so far. Overall, we have defined four settings
of the MAC with assisting resources between the transmitters.
Definition 1, in the previous section, describes coding with
classical CR. Here, in this section, we have considered coding
with pre-shared entanglement resources between the trans-
mitters. Definition 2 above considers coding with pre-shared
entanglement resources between the transmitters. In Defini-
tion 3, we add classical conferencing, where C15 and Cs; are
the conferencing rates from Transmitter 1 to Transmitter 2,
and vice versa, respectively. Definition 4 above introduces
the notion of quantum conferencing between the transmitters,
at quantum rates Q12 and (J21. The corresponding capacity
notation is shown in Table I.

Remark 4: The resources in models that include entangle-
ment resources are stronger than classical CR, as entanglement
can be used in order to generate classical CR. Furthermore,
we have

Cer(Py|x,,x,) € Cer(Py|x,,x,)

C Cerc(Pyx,,x,5 C12, 021)‘ Cro=r
C21:7‘,

C Cero(Pyx,, x> Q12, Q21)‘ Qro=r (19
Qa1=r"

for every 7,7’ > 0.

Remark 5: We focus here on two conferencing models.
In the discussion section, we will consider other variations.
See Subsection X-C.

IV. MAIN RESULTS—ENTANGLED TRANSMITTERS
A. Communication With Unlimited Entanglement Resources

We state our results on the classical MAC Py |x, x, with
entanglement resources between the transmitters. We present
inner and outer bounds on the capacity region, as well as a
regularized characterization.

1) Inner Bound and Regularized Characterization: Define
the rate region Rer(Py x, x,) as follows,

Rer(Pyix,,x,) = U
PVPV VPV Vg + PAL Ay » L1@L2
(R1,Rz) : R < I(V1;Y|VpVa)
Ry, <I(Vp;Y|V,W1)
Ri+ Ry <IWVVyY|W)

(20)

The union on the right-hand side of (20) is over the set
of all bipartite states wa,4, € Z(Ha, ® Ha,), classical
auxiliary variables (Vo, Vi, V2) ~ pv,pvi|voPvsv,» and col-
lection of POVMs Ly (vo,vr) = {Li(xk|vo, vk) tarer,, for
vg € Vo, v € Vi, k = 1,2. Note that the classical variables
Vi-e-VyeV, form a Markov chain.
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Given such a state, variables, and POVMs, the joint distri-
bution of (Vp, V1, Ve, X1, X5,Y) is

pVo,Vl,Vg,Xl,XQ,Y(UO;vlvv27x17$2ay) =
Pvy (Uo)pv1 [Vo (U1 |U0)pv2 Vo (U2 \Uo)
- Tr [(La(z1]vo, v1) @ La(z2|ve, v2)) 04, 4,]

Py x, , x, (y|w1, 22). 2D

The subscript ‘ET’ stands for entangled transmitters.

Before we state the achievability theorem, we give the
following lemma. The property stated below in Lemma 1 can
simplify the computation of the region Rgr(Py x, x,) for a
given channel.

Lemma 1: The union of the inner bound in (20) can be
attained with auxiliary variables Vy, Vi, Vo with [Vy] < 3,
Vi < 3(Jx1]|X2| +2), & = 1,2, and pure states @, 4, =
|pa,4,XPa,a,]. In other words, the region does not reduce
as we limit the union in this manner.

The proof of Lemma 1 is based on the Fenchel-Eggleston-
Carathéodory theorem [35] and the perturbation method [36],
[37]. The details are given in Section VI-A.

Remark 6: In this section, we consider the capacity region
given unlimited entanglement resources between the transmit-
ters. We note that the dimension of the entangled systems
A7 and A, in the rate formula (20) is unbounded. As the rate
formula RET(PY‘ X,;.X,) involves a union over the closure of
the set of finite-dimensional quantum correlations, we include
correlations that are obtained in the limit of dim(H 4, ) — oo.
This family of correlations is often denoted in the literature
by Cyq [38]. As we will discuss in Section X, there are cases
where the union cannot be exhausted with finite-dimensional
entangled systems [14], [38] (see Example 2 below).

Next, we state our achievability result and the regularized
characterization.

Theorem 2: The capacity region of a classical MAC
Py|x, x, with entangled transmitters satisfies

Cer(Py|x,,x5) 2 Rer(Py|x,,x,)- (22)
Furthermore, the capacity region is given by
<1
Cer(Pyix,.x.) = | ZRET(P)£/|X1,X2) (23)

(=1

where Pf,‘ X,.x, s the ¢-fold product channel (see notation in
Subsection II-A).

The proof of Theorem 2 is given in Section  VIL
In Subsection IV-C below, we will review two examples by
Leditzky et al. [14] that show that the capacity region with
entangled transmitters can be strictly larger than without such
correlation resources.

Remark 7: In the basic point-to-point communication prob-
lem, Bennett et al. [39], [40] showed that entanglement
assistance between the transmitter and the receiver leads to
a characterization that is easy to compute. In other words,
in Bennett et al’s model [40], introducing entanglement
resources transforms the capacity evaluation from an uncom-
putable task to an optimization that can be easily performed,
numerically [41, Remark 5]. Unfortunately, this is not the
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case in the present work. Clearly, our achievable region has
a single-letter form with respect to the channel dependency.
However, there is no upper bound on the necessary dimension
of the auxiliary systems A; and As in Theorem 2 (see
Remark 6). In principle, one can compute achievable rates
by choosing an arbitrary dimension, but the best inner bound
cannot be computed with absolute precision in general. In the
discussion section, we affirm that this is an inherent limitation
to our problem (see Section X).

Furthermore, even without entanglement assistance, there
exists MACs such that the computation of the capacity region
is NP-hard [14].

Remark 8: In communication, shared entanglement is often
thought of as the quantum version of common randomness
(CR), which is a random key that is shared between the
two parties, see Section II. Recall that we denote the capac-
ity region with CR-assisted transmitters by Ccrr(Py|x,,x,)-
Then, observe that if we choose the measurements in (20) such
that X}, =V}, for k = 1,2, we obtain the capacity region with
CR assistance:

Cer(Py|x,,x,) 2

(Ri,Ry) : Ri < I(X1;Y|X2Vp)

U Ry < I(X2; Y] X1 Vp)

PvoPx11VoPXalVo | Ry + Ro < I(X;1X9;Y|Vh)
= Cert(Py|x,,x5)- (24)

where the last equality holds by Theorem 1 (see [32]). In the
examples by Leditzky et al. [14], there is strict inclusion,
ie., CCRT(PY|X1,X2) g CET(PY|X1,X2)- We will show the
examples in Subsection IV-C.

2) Outer Bound: Next, we establish an outer bound. Define
the rate region

Oer(Py|x,,x,) = U
PVViVa s PAL Ay s L1@Lo
(Ri,Rz) : R <I(V1;Y|VpVa)

Ry, <I(Vo;Y VW)
Ri+ Ry < I(ViVa;Y|Vh)

The difference between the formula given above and the inner
bound in (20) is in the joint distribution of the classical
auxiliary variables. Specifically, in (20), we limit the joint
distribution such that V;-e-V-e-V, form a Markov chain. Here,
we remove this restriction and consider any joint distribution.
The union of the outer bound in (25) is exhausted by auxiliary
variables and pure states as in Lemma 1 following the same
considerations. The derivation of those properties is given in
Section VI-B. The lack of a dimension bound for the bipartite
state extends to the outer bound as well (see Remark 6).

Theorem 3: The capacity region of a classical MAC
Py x, x, with entangled transmitters satisfies

Cer(Pyx,,x5) € Oer(Py|x,,x,)-

(25)

(26)

B. Rate-Limited Entanglement Resources

Now, we consider a setting where the entanglement
resources are limited. A code with rate-limited entanglement
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TABLE II
THE MAGIC SQUARE GAME: DETERMINISTIC STRATEGIES

0100
0] 1
0(?

resources is defined such that the encoders have access to
Hilbert spaces which grow as a function of the channel uses
in a rate limited fashion. The precise definition is given below.

Definition 5: A (27111 2772 ) code for the classical MAC
Py |x,,x, with an entanglement rate 0 between the transmit-
ters consists of the following:

o a bipartite state U, g, that is shared between the trans-

mitters, with dim(Hg, ) < 2792 for k = 1,2.

o two message sets [1 : 2"f1] and [1 : 2"F2], assuming
2"F is an integer;

« a pair of encoding POVMs F\"™) = {Fé?l)}xq cxp and
]-"2(7"2) = {FJE;"?)}%@(; on E; and FEj,, respectively;
and

o a decoding function g : Y™ — [1: 271 x [1 : 2nf2),
The communication scheme is as in Subsection III-B (see
Figure 1). A rate pair (Ry, Ry) is said to be achievable with
an entanglement rate 0 if for every € > 0 and sufficiently
large n, there exists a (2"f1 2782 n) code such that the
transmitters share entanglement resources at a rate 6 and
the maximal probability of error is bounded by Pe(")(%) <
€. The capacity region Cgr(Py|x,,x,,0r) with rate-limited
entanglement between the transmitters is defined as the set
of achievable pairs (Rj, Ry), with an entanglement rate g
between the transmitters.

We note that by definition, the capacity region with
unlimited entanglement between the transmitters is Cgr(-) =
Cer(+, +00). Therefore, for every entanglement rate g > 0,
we have CET('7 GE) - CET()

Based on the achievability proof in Section
Lemma 1, we obtain the following consequence.

Corollary 1: Let 0 > 0 be a given entanglement rate.
A rate pair (Ry, Ry) is achievable with entanglement at rate
0 between the transmitters if

Ry < I(Vi;Y|Vo V)
Ry < I(Va; Y|V 1)

VII and

Ry + Ry < I(ViV2; Y [Vo) 27
for a pure state |¢4, 4,) with entropy
H(A1)y = H(A2)y <0, (28)

some classical variables (Vg,Vy,Va) ~ DVo DV |Vo DVa [V »
and  conditional = measurement Ly (vo, vk) =
{Li(xr|vo, Vi) }oex,, for vo € Vo, v, € Vi, k= 1,2.

C. Pseudo-Telepathy Examples

As an example, we consider two channels that were intro-
duced by Leditzky et al. [14].

Example 1 (Magic-Square Channel): The  channel  is
defined in terms of a pseudo-telepathy game, i.e., a non-local
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TABLE III
THE MAGIC SQUARE GAME: QUANTUM STRATEGIES

X®1
—X®Z
1®Z

X®X
Y®Y
VA A

1®X
—-Z®X
Z®1

Ro

Ry

Fig. 4. Rate bounds for the magic-square multiple-access channel Py x,  x,
in Example 1. The gray triangle indicates the outer bound for the capacity
region Ccrr(Py|x,,x,), With classical CR between the transmitters. The
green square is the capacity region CET(Py\ X,,X)» With entangled transmit-
ters. The red area represents rate pairs that can be achieved with entanglement,
but cannot be achieved with classical CR.

game such that quantum strategies outperform classical
strategies and guarantee winning with certainty. In the magic
square game, a referee selects one out of nine cells uniformly
at random. Suppose that the referee selected (r,c). Then, the
referee informs Player 1 of the row index r, and Player 2
of the column index c. Each player fills three bits in the
respective row r and column c. In order to win the game,
they need to satisfy three requirements: they agree on the bit
value in (r,¢), the row r has even parity, and the column
¢ has odd parity. Tables II and III demonstrate a classical
strategy and a quantum strategy, respectively. If the game is
limited to a classical deterministic strategy, then winning is
impossible. An attempt towards winning the game is shown
in Table II. Furthermore, using randomized strategies, the
probability of winning is at most %. On the other hand, it can
be shown that the following quantum strategy wins the game
with probability 1:

o Before the game begins, prepare the state

|az a7 aa7) =

% (100) [11) + [11) [00) — [01) [10) — [10} [01)) . (29)

Send A}, A7 to Player 1, and A5, A to Player 2.

o Play the game using the following strategy. Having
received the row and column indices, each player mea-
sures the observables in Table III simultaneously, and
inserts the measurement outcomes into the corresponding
cells, where X, Y, and Z are the Pauli operators. The
observables can be measured simultaneously because the
three operators in each row and each column commute.
For example, if the referee selected r = 1 and ¢ = 2,
then Player 1 measures X® 1, X® X, and 1 ® X, whereas
Player 2 measures X® X, Y®Y, and Z ® Z.
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Leditzky et al. [14] defined a MAC such that the channel is
ideal for input strategies that win the game, and pure-noise
otherwise. The precise definition is given below.

In the general description of the non-local game, a referee
selects two questions ¢; € Qi and ¢» € Q- uniformly at
random, and sends the respective question to each player. The
players choose their respective answers a; € A; and ay €
As using either deterministic or random strategies f : Qp —
Ay, for k = 1,2. The game is won if (¢1,¢2,a1,a2) € ¥,
where ¥ is the winning set. The CHSH game and magic square
game are special cases of this description. Leditzky et al. [14]
defined a classical MAC Py |x, x,, with

Xy = Qe X A, k=1,2 (30)
Y =01 x 09> (31)
such that
Py|x, x, ((41,2) a1, a1, g2, a2) =
54171131 6112,@2 if ((Il 7.Q27 ai, a2) €Y ’ (32)
omos otherwise.

In words, if the inputs X1 = (g1,a1) and X3 = (g2, a2) win
the game, then the decoder receives the question pair precisely,
ie., Y = (¢q1,92) with probability 1. Otherwise, if the game
is lost, then the output Y is uniformly distributed over the
question set.

Formally, the magic square game is specified by ques-
tions (q1,q2) from {1,2,3} x {1,2,3}, answers a,as from
A = Ay = {0,1}3, and the winning set ¥ =
(91,Q2, (a1]4], a2[j])j=1,2,3) € Q1 xQax A x Ay ar[qa] =
az[qz], a1[1] + a1[2] + a1[3] mod 2 =0, and ap[1] + a2[2] +
as[3] mod 2 =1 } Seshadri et al. [18] showed that without
assisting resources and with a message-average error criterion,
the sum-rate is bounded by Ry + Ro < 3.02. Therefore,
this holds for classical CR between the transmitters as well
by Theorem 1, for either maximal or message-average error
criterion (see Remark 2). That is, the capacity region with
classical CR between the transmitters satisfies

Cerr(Py|x,,x,) € {(R1, R2) : R1 + Ry < 3.02}.  (33)

The outer bound is depicted in Figure 4 as a gray triangle.
Based on [14], the sum rate Ry + Ry = 2log(3) =
3.17 is achievable with entangled transmitters. This can also
be obtained as a consequence of our result. By Theorem 2,
the capacity region with entangled transmitters is given by

(Rl,RQ) : R1 SIO (3)
{ Ry slog(S) } G4

The capacity region of the MAC with entangled transmitters
is the square region in Figure 4. The figure demonstrates the
violation of the classical upper bound using entanglement,
as the red area represents rate pairs that can be achieved with
entanglement, but cannot be achieved with classical CR.

The converse part is immediate since the set on the
right-hand side of (34) is the capacity region of the noiseless
MAC Py |x, x,((G1,G2) |q1, 01,42, a2) = 04,.4,0q0.4, (With
or without entanglement resources). As for the direct part,
consider the region in (20). We choose a bipartite state,

Cer(Py|x,,x,) =
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classical variables, and POVMs as follows. Let the bipartite
state |¢a,4,) be as in (29), where A, = A} A} for k =1,2.
Furthremore, we let Vy = () and set the distribution Dy, to be
uniform over Vi, = {1,2,3}, for k = 1,2. Thus, the random
pair (V4,V2) is distributed as the referee’s questions. Given
Vi, Alice k performs a measurement Ly (V}) as follows. Alice
1 measures the observables in row number » = V; in Table III,
obtains a random triplet Wi = (a1[j]);=1,2,3, and transmits
X1 = (V4,W1). Similarly, Alice 2 measures the observables
in column number ¢ = V5, obtains Wa = (a2[j]);=123,
and transmits Xy = (Va, Wa). Since (Vi, Vo, Wy, Wa) win
the game, we have Y = (V3,V3) with probability 1, hence
I(ViVsY) = H(ViVa) = 2log(3), I(Vi; Y|Va) = H(Vi) =
log(3), and I(Va;Y|Vy) = H(Vz) = log(3). This requires an
entanglement rate of 6 = 2 qubit pairs per transmission.

Example 2 (Slofstra-Vidick channel): Another example by
Leditzky et al. [14] is defined in terms of the following non-
local game. Consider a linear system of equations, Hx = b,
over GF(2), with fixed H and b, where H is a binary matrix
of size K x N, and b is a binary vector of length K. That is,
the system consists of K equations of the form

hy - x = by (35)

for k € {1,..., K}, where hy is the kth row in H.

In the linear-system game [42], a referee selects two indices,
an equation index k € {1,..., K} and a variable index j €
{1,..., N}, uniformly at random. Then, the referee informs
Player 1 of the index k, and Player 2 of the index j. Player
1 responds with a vector a; € {0,1}", which is interpreted
as an assignment for x, and Player 2 responds with a single
bit ag € {0, 1} that is interpreted as the value of x[j]. In order
to win the game, they need to satisfy two requirements: 1)

1) The response of Player 1 satisfies the kth equation. That
is, (35) holds for x = aj.
2) Their responses satisfy H[k, j]- (a1 [j]—az2) = 0. That is,
either the jth variable is not included in the kth equation
(i.e., H[k, j] = 0), or the players must agree on the value
of x[j] (namely, a;[j] = as).
Suppose that the players share entangled systems of dimension
dg. Slofstra and Vidick [42] showed that quantum strategies
outperform classical strategies in this game. However, the
minimal entanglement dimension dg min that is required in
order to win the game with a probability of 1—e~7 is bounded
by

el < dp min < C'eT/? (36)

for all T' > 0, where C,C’ are positive constants. See further
details in [42, Th. 1.1]. It follows that the game can be won
with certainty for dg — oo, and cannot be won with certainty
if the entanglement dimension is bounded.

Leditzky et al. [14] considered a classical MAC Py x, x,
defined as in (32), where ¢ is the winning set for the
Slofstra-Vidick game [42], as described above, where Q1 =
{1,...,K}, QQ = {1,...,N}, .A1 = {0,1}N, and ./42 =
{0,1}. As before, if the inputs X; = (g1,a;) and Xy =
(g2, a2) win the game, then the decoder receives the question
pair precisely, i.e., Y = (q1, g2) with probability 1. Otherwise,
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if the game is lost, then the output Y is uniformly distributed
over the question set. The capacity region of the classical
MAC with unlimited entanglement resources between the
transmitters is given by [14]

}. (37)

) _ { (R1, Rg) :
This result can also be obtained from Theorem 2 following
similar arguments as in Example 1.

Furthermore, we obtain an achievable rate region with
entanglement resources at a limited rate. By Corollary 1,
we have that a rate pair (Ry, Rz) is achievable given entan-
glement resources at a limited rate of 65 = 37 + log(C"),

Ry <log(K)

Cer(Pyx, . x, Ry < log(N)

if
Ry < (1—2e ") log(K) —2ha(e™7), (38)
Ry < (1—2¢7T)log(N) — 2ha(e™ ") (39)
for all T > 0, where ha(p) = —plog(p) — (1 — p) log(1 — p)

is the binary entropy function over (0,1). To show this,
we use the Slofstra-Vidick bound in (36), along with entropy
continuity bounds (see [43] [34, Sec. 11.10]).

V. MAIN RESULTS—ENTANGLED AND
CONFERENCING TRANSMITTERS

A. Classical Conferencing

In this section, we consider the combination of entanglement
resources and classical conferencing between the transmit-
ters (see Figure 2). In addition to pre-shared entanglement
resources, the transmitters can now communicate with each
other over noise-free links at fixed rates, with a classical
capacity of Cpo from Transmitter 1 to Transmitter 2, and Co;
from Transmitter 2 to Transmitter 1.

Define the following rate region,

Rerc(Pyx,,x,: C12,Ca1) = U

PV PV, |VoPVa|Vy » PAL Ay » L1@Lo

(Ri,Ry) : Ry <I(Vi;Y|VpVa) + Cha
Ry < I(Va;Y[VoV1) + Coy
Ri+ Ry < I(V1Va;Y|V) + Cra + Coy
Ri+ Ry <I(ViV;Y)

(40)

The union on the right-hand side of (40) is the same as in (20).
Similarly, we define the region Rgrc(Py|x, x,,Ci2,C21)
with a union over all joint distributions py;, v, v;.

Theorem 4: The capacity region of a classical MAC
Py|x, x, with entangled transmitters and classical conferenc-
ing satisfies

Cerc(Py|x,,x5, C12, C21) 2 Rerc(Pyx,,x, C12,Co1),
(41)

and

Cerc(Py|x,,x5, C12, C21) € Okrc(Pyx,, x5, C12, Ca1).
(42)
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Furthermore, the capacity region is given by

Cerc(Py|x,,x,,C12,C21) =
<1
U ZRET'C(P}{‘XMXQ ) ClZa C21)7
=1

(43)

The proof of Theorem 4 is given in Section IX.
Remark 9: 1f the conferencing rates are sufficiently high,
then we obtain the full-cooperation region,

Cerc(Py|x,,x,, C12,C21) =
{s(R1,R2) : R1 + Ry < Cjoint} 44)

where Cioine = max,y , I(X1X5;Y). In particular, this
holds if both conferencing rates are higher than Cjin. In this
case, we effectively have a single-user channel from (X7, X5)
to Y. On the other hand, if the conferencing rates are
zero, i.e., Cio = Co; = 0, then we recover the achiev-
able region without conferencing, as in Theorem 2. That is,
Cerc(Pyx,,x,:0,0) = Cer(Py|x, x,)-

Remark 10: We have compared the effect of entanglement
and CR on communication performance in Remark 8. Both
entanglement and CR are static resources of non-signaling
correlation, which cannot be used in order to send information.
Conferencing, however, is a dynamic resource of cooperation,
which can be used by itself to send information from one
transmitter to the other. In this sense, conferencing is stronger
than entanglement. Thereby, one may ask, for example, is con-
ferencing at a low rate better than entanglement at a high
rate? While this question may seem unfair, it can be justified
by the delay that is caused by using conferencing. Based on
Theorem 4, the answer is no. It can be easily seen that when
the values of Cio and Ca; are very low, the rate increase
is negligible as well. Whereas, we have seen that sufficient
entanglement without conferencing can lead to a significant
increase.

Remark 11: Conferencing is achieved through interaction
between the two transmitters. As already mentioned, we only
consider trustworthy senders here. For future communication
systems, especially for 6G, it is also very important to examine
communication protocols for non-trustworthy communication
parties. The complexity theory shows that performance behav-
ior, which is also very interesting for such communication
parties, can be increased. In the last 40 years, enormous
progress has been made in complexity theory, which should
also be of interest for communication systems. In particular,
the work for prover and verifier interaction is very relevant.
Techniques from the coding theory were also often used
here in finding of corresponding protocols. For example,
it was shown in [44] that through interaction between a
prover and a verifier with polynomial time, and the verifier
using randomness exactly then all languages from PSPACE
(polynomial space Turing machines) are decidable. In an
interaction between two provers and a verifier with polynomial
time, all languages from NEXP, i.e. Turing machines with
non-deterministic exponential computing time, can be decided
using randomness [45]. If the performance of the verifier is
described as a poly-logarithmic use of random bits with a
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constant number of information bits greater than or equal to 3,
then in an optimal interaction with a prover the verifier can
already decide all languages from NP, i.e. non- deterministic
polynomial time [46], [47]. Of course, much more complex
communication scenarios occur in real communication sys-
tems than those considered in [44], [45], [46], and [47], but
this research direction is nevertheless particularly interesting
with regard to trustworthiness for 6G. It is fascinating to see
that one of the central problems in mathematics, (Millennium
prize [48]), can be represented in an equivalent form by a
simple interactive communication task (see [48], [49], [50]
for an overview and status of the problems). For the case with
entanglement assistance, this is open. Another very interesting
property of interactive communication in complexity theory
is: In the communication scenario with one prover and two
verifiers, there is a zero-knowledge interactive proof if and
only if a one-way function exists [51], [52]. It should be noted
here that the existence of a one-way function as a central
cryptographic primitive cannot be proved so far. In complexity
theory, also for certain interactive communication scenarios,
the type of interactivity, that is, how many rounds of interac-
tion are necessary to solve certain tasks, is interesting. In [44]
and [45] there is no bound on the number of rounds of
interaction necessary. In [53] it has now been shown for two
prover and two verifier interactive systems that any language
from PSPACE can be decided with a one round protocol. For
the MAC with conferencing encoders and also the AV-MAC
with conferencing encoders, one round of conferencing is
sufficient for each. On the other hand, the existence of
interactive zero-knowledge proofs for the two prover and
one verifier scenario can be directly proved [54]. That is,
no cryptographic assumptions are needed. This is another
interesting example of the special potential of interactive and
cooperative communication scenarios.

B. Quantum Conferencing

In this section, we consider the MAC with entanglement
and quantum conferencing between the transmitters (see
Figure 3).

The transmitters can now communicate with each other
over noise-free quantum links at fixed rates, with a quantum
capacity of Q1o from Transmitter 1 to Transmitter 2, and
Q21 from Transmitter 2 to Transmitter 1. Furthermore, the
transmitters share entanglement resources that can be used at
both the conferencing and the encoding stages. We establish
an inner bound on the capacity region. Define

RET‘Q(PY|X1,X27 Q127 QQI) = U

PVoPVY Vo PVa|Vy » PALAg » L18L2

(Ri,Rp) : Ri < I(Vi;Y[VpVa) +2Q12
Ry < I(Vo;Y[VoV1) + 2Q2
Ry 4+ Ry <I(ViVo;Y(|Vp) 4 2(Q12 + Q21)
Ri+ Ry <I(ViVaY)

(45)

The union on the right-hand side of (40) is the same as
in (20).
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Fig. 5. Achievable rate regions for the magic-square multiple-access channel
Py x,,x, with entangled transmitters and, either classical or quantum,
conferencing, as in Example 1. The inner square indicates the capacity region
CET(PY‘ X;,X,) With entangled transmitters. The pentagon below the blue
dashed line is an achievable region for the MAC with entangled transmitters
and classical conferencing, for C12 = C21 = 0.5 (see (46)). The pentagon
below the red solid line is achievable when the conferencing links are quantum
as well, for Q12 = Q21 = 0.5 (see (47)).

Theorem 5: The capacity region of a classical MAC
Pyx, x, with entangled transmitters and quantum
conferencing satisfies

Cer(Py|x,,x,> C12,Ca1) 2 Rero(Pyx,,x,, C12, Ca1).
(46)

The proof follows similar lines as for Theorem 4 in
Appendix IX. Here, however, each encoder uses superdense
coding in order to increase the rate of her conferencing
message. Alice 1 sends nR] bits to Alice 2 through a quantum
transmission of %nR’l qubits via her quantum conferencing
link, using %nR’1 entangled pairs. Similarly, Alice 2 sends
nR} bits to Alice 2 by sending $nR) qubits along with nR)
entangled pairs. This is permissible if the common information
rates are each bounded by twice the respective conferencing
capacity, i.e., R} < 2Qi2 and R, < 2Q2;. The rest of the
proof is identical to that of Theorem 4. Hence, The details are
omitted.

C. Example

To demonstrate our results on the classical MAC with
entangled transmitters and conferencing, we revisit the
magic-square channel from Subsection I'V-C.

Example 1 (Continued): Consider the magic-square MAC
from Example 1, where the channel output is a noiseless copy
of the referee’s chosen cell if the inputs win the game, and it
is pure noise otherwise.

Figure 5 shows achievable rate regions in the three settings
that we have considered. We have seen that since the game
can be won with probability 1 given entanglement resources,
the capacity region with entangled transmitters, without con-
ferencing, is given by [14]

(R1,Rz) : Ry <log(3)
Cer(P; = 4
er(Py|x,,x,) Ry < log(3) @0

The capacity region of the MAC with entangled transmitters
and without conferencing is the square region in Figure 5.
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Now, consider conferencing of classical messages between
the transmitters, at rates Cio = C9; = 0.5. In this case,
we obtain the following achievable region

Rerc(Py|x,,x,) 2

(Rh Rg) : R1 § log(S) + 0.5
Ry <log(3)+0.5 (48)
Ri+ Ry < 2log(3)

If the conferencing links are quantum, however, at the same
rates Q12 = @21 = 0.5, then we have an even larger
achievable region,

Rerg(Pyix,,x,) 2

(R1,R2) : Ry <log(3)+1
Ry <log(3)+1 (49)
Ry + Ry < 2log(3)

The bounds are depicted in Figure 5. The pentagons, below
the blue dashed line and below the red solid line, indicate the
achievable regions on the right hand side of (48) and (49),
respectively. We show achievability based on Theorem 4
and Theorem 5, respectively, using the same choice of a
bipartite state, classical variables, and POVMs, as in the
first part of Example 1. Specifically, let the bipartite state
|$a,4,) be as in (29), where A, = A} A} for B = 1,2.
Furthermore, we let V, = (} and set the distribution py, to
be uniform over Vi, = {1,2,3}, for k = 1,2, as the referee’s
questions. Given Vj, Alice 1 measures the observables in
row number 7 = V; in Table III, obtains a random triplet
W1 = (a1]j])j=1,2,3, and transmits Xy = (V;, W1). Similarly,
Alice 2 measures the observables in column number ¢ = V5,
obtains W2 = (az[j])jzl’gyg, and transmits X2 = (‘/Q,WQ)
Since (V1, Vo, W1, Ws) win the game, we have Y = (7, 15)
with probability 1, hence I(V1Va;Y) = H(V1V2) = 21log(3),
(Vi Y[Ve) = H(V1) = log(3), and I(Vy; Y|Vi) = H(Va) =
log(3).

VI. PURIFICATION AND CARDINALITY

In this section, we show that the inner and outer regions
can be exhausted with pure states and bounded cardinality.

A. Inner Bound

We prove Lemma 1 and show that the region
Rer(Py|x,,x,) can be exhausted with pure states and
bounded cardinality.

1) Purification: First, we consider a given Hilbert space
Ha, ® Ha,, and show that the union over bipartite states
A, A, 1s exhausted by pure states. Fix a Hilbert space H 4, ®
H a,. Consider a given distribution {py, |v; (-|vo)pvs|v, (+|vo) }
a bipartite state ¢a,4,, and measurements L£;(vg,v1) and
Lo(vg,v2) on Ay and As, respectively. Let R(p, L1, L2)
denote the associated rate region,

(R1,Rz) : Ry <I(V1;Y|VpVa)
R(p,L1,L2) =13 Ry < I(Va; Y|VoVh) . (50)
Ri+ Ry < I(ViVa; Y[Vo)
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Given a joint state ¢ 4, 4,, consider a spectral decomposition,

ZpZ ‘(bz ¢z|A1A2 )

z€EZ

PALA; = (51)

where pz is a probability distribution, such that the pure states,
|$2) 4, 4,> # € Z, form an orthonormal basis for Ha, ® Ha,.
Then, ¢4, 4, has the following purification,

)= Vp2(2)16:) 4,4, @ 1205, @12,

zZ€EZ

W}fh AxE 1 Eo

(52)

Now, we consider rate region (¢, £, £}) that is associated
with the following choice of state, distribution, and mea-
surements. Set the distribution {py,|v; (-|vo)pvy v, (+[vo)} as
before. Let Alice 1 and Alice 2 share the state [Va, g, 4,5, )
and suppose that Alice 1 performs a measurement on (A4, E),
and Alice 2 on (A, E»), with the following POVMs,

(53)
(54)

Ly (w1, 2[vo, v1) = L(w1|vo, v1) @ |2)(2| g,

Ly(xa, z|vo, v2) = L(w2|vo, v2) ® [2)(2| g,

for (Uo,’Ul,”UQ,IL‘l,(EQ,Z) € Vo X V1 X Vo x X x Xy x Z. The
corresponding input distribution DX, Xa|Vo, ViV, 1S given by

piXthlVoq,Vth (xla 'T2|U03 U1, U2)

= ps(2)

z€Z
- Tr [(Ly (21 ]vo, v1) @ La(x2]ve, v2)) |92 XPz] 4, 4, ]

= Tr | (L1(x1|vo, v1) ® La(z2|vo, v2))

(sz M NoXdzla, 4, )]

z€Z
= Tr[(L1(w1|vo, v1) ® La(w2|vo, v2)) ¢, 4,]

= DX, Xs|Vo, Vi, Ve (1, T2(|V0, V1, V2) (55)
where the third equality follows from (51), and the
last from (21). Therefore, R(v, L1, L) = R(p, L1, La).

We deduce that the entire region Rer(Py|x,,x,). as in (20),
can be obtained from pure states.

2) Cardinality Bounds: Now, we bound the cardinal-
ity of the alphabet 1. Consider a given distribution
{pva1v, C100)pvau (o) . @ joint state @4, 4, and POVM
collections, L£(vg,v1) and Lo(vg,vs). Define a map 7 :
Vo — R3 by

7o(v0) = (I(Vis Y Ve, Vo = vo),

I(Va; YA, Vo = wo), I(V1, V3 Y|Vo = o). (56)

The map 7y can be extended to a map that acts on probability
distributions as follows,

Ty s py() = Y pv(vo)molve) = (T(VisY[VVa),
vo € Vo

(Ve Y[VeVa), 1AV Y[V0) ). (57

According to the Fenchel-Eggleston-Carathéodory theo-
rem [35], any point in the convex closure of a connected
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compact set within R? belongs to the convex hull of d points
in the set. Since the map Tj is linear, it maps the set of
distributions on V) to a connected compact set in R3. Thus, for
every pv,, there exists a probability distribution py, on a subset
Vo € Vo of size 3, such that To(py,) = To(pv,). We deduce
that alphabet size can be restricted to |[Vy| < 3, while
preserving I(V1;Y|VoVa), I(Va; Y|VoV1), and I(V1Va; Y |V)).

Next, we bound the alphabet size for the auxiliary
variables V7. A standard application of the Fenchel-Eggleston-
Carathéodory theorem does not work here, as it results in a
cardinality bound of |Vs| - 3(JX1||X2| + 1 on V. Thereby,
we use the perturbation method [36], [37].

Fix a joint state @4, 4,, POVM collections, Vy = v, and
Pvs|v, (-|vo). Since our rate region is a convex set, it can
be characterized by determining the supporting Hyperplanes.
Furthermore, due to the pentagonal form of each region
in (50), we may focus on the corner points and consider
maximizing the following function,

Galpvivy) = (1 = NI(Vi; Y [V2) + M (Va3 Y) (58)

for A € [%, 1].
To simplify notation, we omit the conditioning on V) = vy.
Let (V1,V2) ~ pv, pv,, and consider the joint distribution

Q(Ula V2,T1,T2, y) =DPw; (vl)pVQ (UQ)
Tr[(L1(21]v1) ® La(22|v2))0a, 4,] Pyix, x, (Y21, 22).
(59)
Then, consider the perturbed distribution,

Qc(v1) = pv; (v1)[1 + ef (v1)] (60)

and

Qc(v1,v2,21,72,y) = Qc(v1)pvy (v2)
“Tr [(La(w1|v1) @ La(zz|ve))pa, a,] Pyix,, x, (ylr1, z2)
(61)

where f(-) are real-valued coefficients that satisfies 1 +
ef(vy) > 0 for all v; € V;. We note that f may depend
on vy as well, since we have conditioned on V = vy.

We also require that the coefficients f(-) satisfy

Vi)=Y Qu)f(wn) = (622)
v1EVq
and
E[f(V1)| X1 = x1, X2 = x2]
= Y Qui,valrr,m)f(v) =0,
(v1,v2)EV1I X V2
for (1'1,1'2) € X x Xs. (62b)

There exists a nonzero solution for this linear equation system,
provided that

Vi| > | X[ As] + 1 (63)

since (62) consists of |X;||X>| + 1 constraints.

Observe that (62a) guarantees that (). forms a probability
distribution as well. Furthermore, by (62b), Q.(z1,z2) =
Q(x1,x2), hence the marginal distribution of (X7, X5,Y) is
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preserved. Now, let (Vi, Vs, X1, X5,Y) ~ Q. be a random
tuple that is distributed according to the perturbed distribution.
Then,

1717
H(Vy, Vo) — H(Y, Vi, Vo) — H(Va) + H(Y, V&)
H(Vy, Vo) — H(Y, Vi, Vo) — H(Va) + H(Y, V5)
[ Hy(V1, V) = Hy (Y, V1, Vo)l (64)
and
I(V;Y) = H(Y) + H(V2) — H(Y,V2),  (65)
where
Hy(Vi,Va) = Z Q(v1,v2) f(v1)log Q(v1,v2) . (66)
Hp(Y, Vi, Vo) = — Y Qv1,v2,9)f(v1)log Q(v1,v2,y).
V1,V2,Y
(67)
If py, = Qo attains the maximum of the function G
(see (58)), then the derivatives satisfy
9 o o
5 (L= NIVEY Vo) + AI(V:Y)]| =0, (68)
and
0? = _
9 2[(1—)\)I(V1;Y\V2)+)\I(V2;Y)] - <0. (69)
The latter reduces to
0? -
220 —1 Y,V <0 70
( )6 2 ( ) 2) P ’ ( )
which is equivalent to
E ([E(f(V1)|Ve, Y)]?) <0, (71)

by [36, Lemma 2, part 2]. In particular, this holds with equality
if

E(f(Vi)[Va =2, Y =y) =0, (72)
for all (vg,y) in the support of Q(ve,y), which implies
Qe(v2,9) = Q(v2,y). (73)
Thus,
I(Vi;Y|V) =
I(Vi; YVo) + e[Hy(Va, Vo) — Hy (Y, V1, V2)], (74)
and
I(V;Y) = I(Va;Y). (75)
By (68), we now have
O 10 N1 V1) + AT (v 7|
= (1= N(Hy(V1,V2) = Hy (Y, V1, V2))
=0. (76)

We deduce that the perturbed distribution attains the same
(maximal) value of the function G. Therefore, we can restrict
the union to [V;| = |A;||X2| + 1. By symmetry, this holds for
the cardinality of V5 as well.
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B. Outer Bound

Next, we show that union for the outer bound
Oker(Py|x,,x,) can be restricted as well. Based on exactly
the same arguments, the union can be exhausted with pure
states and with |V, < 3.

We bound the alphabet size for the auxiliary variable V7,
using similar perturbation arguments. Here, however, we fix
Pva|vo,v; as well. As before, consider maximizing the follow-
ing function,

Galpvijvy) = (L= NI(Vi; Y [Va) + AXI(Ve; V)], (77)

for A € [0, 1].
To simplify notation, we omit the conditioning on Vj, = vg.
Let (V1,V2) ~ pv;pv, v, and consider the joint distribution

Q(v1,v2, 21,22, Y)= Py (01)Dvy|vy (V2 |v1)
Tr[(L1(z1]v1) ® La(w2|v2))pa, a,] Pyix, x, (ylT1, v2).

(78)
Then, consider the perturbed distribution,
Qcl(v1,v2) = Q(v1,v2)[1 + ef(v1)], (79)
and
QE(U1>U27$17$2,?/> = QE(U17U2)
“Tr [(L1(21|v1) @ La(22(v2))p 4, 4,)
“Pyix, x,(ylr1, 2) (30)

where f(-) is a real-valued function that satisfies 1+ f(vy) >
0. We also require that f satisfies the equation system (62),
which guarantees that Q.(x1,x2) = Q(x1,x2). There exists
a nonzero perturbation function that satisfies this system of
| X1[|X2[+1 linear equations, provided that [Vi| > [ X1 [|Xa|+1.

Hence, for (V171/2,X17X2,Y) ~ Qe,
I(Vi; Y/W)
= H(Vy, Vo) — H(Y,V1,Va) — H(Va) + H(Y,V5) (81
= <v1,v2) H(Y,V1,Va) — H(V2) + H(Y, V&)
+ e[H(Vi, Vo) — Hp(Y, V3, V2)] (82)
and
I(Ve;Y) = H(Y) + H(Va) — H(Y, Va) (83)
=H(Y)+ H(Vz) — H(Y, V) (84)

where the perturbed entropies H 7 are defined as in (66)-(67).
If py, = QO attains the maximum of G, then

0? VIR V.
5 (L= NIV Y[Va) + M (Va; Y]
P .
—(2x — 1)862H(Y Va) o
<0, (85)
which is equivalent to
E ([E(f(V)IVa, Y)]2) <0 (86)
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by [36, Lemma 2, part 2]. In particular, this holds with equality
if E(f(V1)|Va =v9,Y =y) =0, in which case

Qc(v2,y) = Q(v2,y). (87)
It follows that
I(Vi;Y[Va) =
[(VisY|Va) + e[ Hp(Vi, Vo) — HAY. Vi, Vo), (89)
and
I(Va;Y) = I(Va; Y). (89)
Since Qo attains the maximum of G \, we also have
57[( NI(Vi;Y Vo) + M (Va; V)] 0
= (1= \)(H;(Vi, Vo) — H§(Y, V3, V2))
=0. (90)

We deduce that the perturbed distribution attains the maximal
value of the function G ». Therefore, we can restrict the union
to [V1| = |V2| = |X1]|X2| + 1. This completes the proof for
the cardinality bounds. |

VII. PROOF OF THEOREM 2

Consider the classical MAC Py |x, x, with entanglement
resources between the transmitters (see Figure 1).

A. Achievability Proof

We show that for every (i,(2,69 > 0, there exists
a (2n(F1=G) gn(R2=C2) n) code for Py|x, x, with entan-
gled transmitters and eg-error, provided that (R, R3) €
Rer(Py|x,,x,)- To prove achievability, we use coded time
sharing [55, Sec. 4.5.3].

Fix a joint distribution py,pv;|v,Pvy|v,» @ Dbipartite
state ¢4, 4,, and collection of POVMs L(vg,vr) =
{Li(xk|vo, vg)} for k = 1,2. Suppose that Alice 1 and Alice
2 share an n copies of the bipartite state,

Qarap = OG04, - 91)

The code construction, encoding with shared entanglement,
and decoding procedures are described below.

1) Code Construction: Select a random time-sharing
sequence vy, according to an iid. distribution,
[T, pvy(vo,;). Furthermore, select 2"%1  conditionally
independent sequences, vf'(my), m; € [l : 2"F1], each

distributed as T pvyv; (01
manner, select 271t sequences,
ITi21 pvav, (v2li] o).

The auxiliary codebooks above are revealed to Alice 1,
Alice 2, and Bob.

[i] |voli]). In a similar
v¥(ms2), according to
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2) Encoder k: Given the message my; € |1
Q”Rk] and the codebooks above, perform the measurement
Qi1 (L (voli], ve[i](m4))) on the entangled system A7, and
transmit the measurement outcome x}; through the channel, for
k=1,2.

This yields the following input distribution,

[y, zg|my, ma)
= Tr| (L (a1 |05, 07 (ma)

® L (a5 [F, v3 (ma)) ) @y g |
= ﬁTr[(Ll(xl[z'] lvofil, v (ma) )

® Lo (wali] [voli], va(ma) i) ) a| . 9D)

where we use the short notations L7 (z} ‘vg,v,’;) =
Qi L (zxd] |vold], vi[i]), for k = 1,2.

3) Decoder: Let § > 0 be arbitrarily small. Find a
unique pair (1721, 2) such that (v, v (1), v (he), y™) €
A((;") (PVvy,va.va,v ), Where the marginal distribution py; v, v,y
is induced by the following joint distribution,

on,vl,vg,Xl,XQ,Y(vo, U1, V2, &1, T2, Y)
=PV (Uo)pv1 Vo (Ul |Uo)pv2\v0 (U2 |Uo)
- Tr [(L1 (21 |vo, v1) @ La(22|v, v2)) 94, 4,]

- Py x, x, Y|z, 22). (93)

If there is no such pair (7, 7h2), or more than one, declare
an error.

4) Analysis of Probability of Error: We use the notation
g;(0), i = 1,2,..., for terms that tend to zero as 6 — 0.
At first, suppose that the messages are chosen at random
according to a uniform distribution. By symmetry, we may
assume without loss of generality that the transmitters send
the messages M; = My = 1. Consider the following error
events,

Go = [V VL), VR (1), Y™ & AL (pvevivay)) (9%)

& = {(Vg, Vi (ma), V3" (1), Y™) € AL (pvo v vy ) »
for some m; # 1}

& = [V V1), V3 (ma), Y™) € AL (b vivay)

for some mq # 1}

95)

(96)
& = (V" Vi (ma), V' (ma), Y™) € A5 (pvi vy )
for some m; # 1 and mg # 1} o7

with 61 = 6/(2|Vo||V1|[V2]). By the union of events bound,
the expected probability of error is bounded by

E [P, 1)] <
Pr (&) +Pr (& | £) +Pr (& | £) + Pr (& | &)
(98)

where the expectation on the left-hand side is with respect
to the random auxiliary codebooks, and the conditioning on
M; = M, =1 is omitted from the right-hand side for conve-
nience of notation. Observe that the (classical) codewords V{j*,
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V*(1), V3*(1), channel inputs X', X7, and channel output
Y™, are jointly i.i.d. according to pv; v, v4, X, X,,v > as in (93).
Hence, by the weak law of large numbers, the first probability
term, Pr (&), tends to zero as n — oo [56] [57, Th. 1.1].
As for the second error term, we have by the union bound:

Pr6 | £)< Y Pr ((V(J”,m”(ml),v;(lxm c
ml;él

A((Sn) (pVO,Vth,Y) | (500(‘> . (99)

Given &%, it follows that (V§*, V3*(1)) € A%(pvy.v,)- Thus,
each summand is bounded by

D

(v vp)EAS™ (v, vy)

D

no,mn, n,n n n
V1Y '(UO sV U2,y )e

AE;"L)(PVO,vl ,VQ,Y)

PYy,v, (V55 03)

P v, (07 105) - Py m v v (870G, v3) (100)

since for every m; # 1, the codeword Vi*(mq) is
conditionally independent of the sequence pair (V3'(1),Y™),
given V' = wg. Then, by standard method-of-types
arguments, the sum within the square brackets is bounded
by 2 nU(ViY[VoV2)—ei(8))  [56] [57, Th. 1.3], with
E1(5) = 2H(Y‘va1‘/2) ’ minvo,vl,w{meVhVQ(v07/017@2) :
PVo,Va,Va (V0, V1, v2) > 0}
Hence, by (99),

Pr ((gdl ‘ éaoc) S 2771[1(‘/1;Y‘V0V2)7R1751(5)]‘ (101)

Thereby, the term Pr (&) | &§) tends to zero as n — oo,
provided that

Ry <I(V1i;Y[VoV2) —e1(9). (102)

Following similar arguments, the probability terms
Pr (& | &§) and Pr (&3 | &) also tend to zero, provided that

Ry <I(Va;Y[VoVh) —e1(6) (103)
and

Ri+ Ry < I(V1V2,Y|V0) — 51(5). (104)

We conclude that the average probability of error,
E {?(en) (‘@”)}, averaged over the messages and the class of
random codebooks above, tends to zero as n — oo (see (3)).
Therefore, there must exist a (2771, 27f2 pn) code such
that the message-average error probability, as defined in (3),
is bounded by ﬁin)((f) < %50, for a sufficiently large n.
Based on the arguments in [32], it follows that the rate pair
(R1, Rs) is also achievable with a maximal error criterion,
i.e., such that Pe(") (¢) < eg. For completeness, we show
this in the appendix. To show achievability of the regularized
formula, apply the coding scheme above to the product channel
Pf/l X1, X" This completes the achievability proof.
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B. Converse Proof

Consider the classical MAC with entanglement resources
between the transmitters. We now show the converse part
for the regularized characterization. Suppose that Alice 1 and
Alice 2 share a bipartite state ¥, ,. Then, Alice k chooses
a message M uniformly at random, hence the message pair
(My, M5) is uniformly distributed over [1 : 2"°f1] x [1 :
2712] She encodes her message by performing a measurement
F,ng) = {Fiyk)} on her share of the entangled resources,
E}, and sends the measurement outcome X over the channel.
Bob receives the output Y™ and finds an estimate (M;, Ms) =
g(Y™) of the message pair.

Now, consider a sequence of codes (V,,, F1,, Fan, gn) such
that the average probability of error tends to zero, hence the
error probabilities Pr (M\l ” M1|M2), Pr (J\YQ £ M2|M1),

and Pr ((]\//.71,]\//.72) =+ (Ml,Mg)), are bounded by some «,
which tends to zero as n — co. By Fano’s inequality [33],
it follows that

H (M| My, My) < ney, , (105)
H(Ma| My, My) < nes,, , (106)
H (M, My|M;, My) < nes, (107)

where ¢, tend to zero as n — oo.
Hence,
nRy = H(M|Mjy) = I(My; My|My) + H (M| M, Ms)
< I(My; My|Ms) + neiy,

S I(Ml;Y"|M2)+n€1n (108)

where the last inequality follows from the data processing
inequality. Following similar arguments, we also have

TLRQ S I(MQ,Y”|M]) + nean (109)

and

The proof follows by identifying V; and V5 as M; and Mo,
respectively, and taking Vg = ().

VIII. PROOF OF THEOREM 3 (OUTER BOUND)

We prove the outer bound on the capacity region of the
classical MAC with entangled transmitters. Consider the rate
bound in (108). Applying the chain rule, we can rewrite this
as

n(Ry —e1n) < Y T (M; (111)

i=1

where Y71 = Y][1],...

Y| Y M) .

JY[i — 1], for ¢ = 2,...,n, and
Y? = 0. Define Vp[i] = Yi~L, Wi[i] = (My,Y* 1), and
Voli] = (M, Y1), for i = 1,...,n. Notice that V;[i] and
V5[i] are not conditionally independent given V;[i], because
conditioning on the output may introduce statistical depen-
dence between the random messages.

Furthermore, since Alice 1 performs a measurement that
depends on her message M; alone, and similarly for Alice 2,

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 2, FEBRUARY 2025

the channel inputs X;[¢] and X5[i] can also be obtained as
the output of a measurement as defined below. Consider a
measurement channel

Fom) @ Fom (112)
such that
Pl (@)
-y | X w(ee) e an
a1€Xy LaleX]: xi1[i]l=a1
Fe"%,(@Q")
=2 > W (Fi?”@”)] jaz)as|  (114)
a2€X> Lol e X : xalil=az

for every pair of operators Q' and Q” on Hg, and Hg,,
respectively. Let U, p, = >, ,Q; ® Q/ be an arbitrary
decomposition of the bipartite state. Hence, by linearity,

(Fimy, @ fﬁ;’;’i";@) (Ve,z.)

=2 (P e
>y

i,ma)

FEm) (@ 2 Qp)

>

™ (£ ] jaraa| ®

Jif ar1€Xy LaeXxy: zi[i|=a1
S|y (o) |
a2€Xy Lol eX): xalil=az

- ¥

(a1,a2)€X1 X X>

SR>

(z7,25 )X XX -
z1[i]=a1, z2[i]=a2

T (PG @ FY)(@ 2 Q))) | lon, az)ar, aal

- ¥

(a1,a2)EX1 X X

2.

(27, 20)EAT X XY
z1[i]=a1 , x2[i]=a2

T ((F5 @ F§2) 0,5, | a1, az)ar, az] (115)

as expected. We deduce that the channel inputs X [i] and X5 [i]

can be obtained from a product of measurements of the form

L1 (17, Vo[i], Vi[i]) and Lo(z2lé, Vo[i], V2li]), as required.
Then, we can rewrite (111) as

Ry —e1n < — ZIVI [i] | Volil, Vali])
=1
=I (VLY Vo], VelJ],J)  (116)

where the index J is drawn uniformly at random from
{1,...,n}, and it is uncorrelated with the previous systems.
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Following the same considerations,

Ry — e2 < I (Vo[JL; Y [J]| Vo[J), WalJ),J)  (117)

and

Ry + Ry — 3, < T (VW[JVa[J; Y [J]| Vol J],J) . (118)
The proof follows by defining Vo = (J, Vy[J]), Vi = Vi[J],

for k = 1,2, then X, = X;[J], and Y = Y[J]. O

IX. PROOF OF THEOREM 4 (CLASSICAL CONFERENCING)

Consider the classical MAC Py |x, x, with entanglement
resources and classical conferencing between the transmitters
(see Figure 2).

A. Achievability Proof

We show that for every di1,02,69 > 0, there exists
(2n(F1=01) 9n(R2=02) ) code that has an eq-error, provided
that (Rl,RQ) € RET—C(PY|X1,X2;C127 021). We use the clas-
sical rate splitting method due to Willems [58].

As in the previous section, fix a joint distribution
PVoPV; |VoPVs|V,. & bipartite state ¢a,4,, and collection of
POVMs Ly (vg,vi) for k = 1,2. Suppose that Alice 1 and
Alice 2 share papap = 0374,

The code construction, conferencing protocol, encoding
with shared entanglement, and decoding procedures are given
below.

1) Code Construction: Split the rates of each user into
Ry, = R} + Ry for k = 1,2. We think of Rj as the rate of
common information that is shared between the transmitters
through conferencing, and R} as the rate of the private
information of each transmitter.

Select 27(Fit+R2) sequences vf(m), mb), for m) €
[1 : 2"7%], independently at random, each iid. ~ py,.
For every (m),m}), select 2771 conditionally independent
sequences, vi'(m/,mh, mY), m’l’ e [1 : 27R], each dis-
tributed as [[_ L PViIY (v1d] |vo(mf, m5)[i]). In a similar
manner, select 27 sequences, vg (mf, mh, my), according to
[Ti-1 pvayve (vali] [vo(mY, mb)[i]). The auxiliary codebooks
are revealed to all parties.

2) Conferencing: The encoders share the messages m/ and
m, between them through a single round of conferencing (' =
1). This is permissible if the common information rates are
each bounded by the respective conferencing capacity, i.e.,

R} <Chiz, Ry < Cy (119)
as this satisfies the conferencing limits in (12).

3) Encoder 1: Given the message (m}, m}), the confer-
encing message mb, and the codebooks above, perform the
measurement ., (L1 (vo(m}, mb)[i], v1(m}, mh, mY)][i]))
on the entangled system A}, and transmit the measurement
outcome z7 through the channel.
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4) Encoder 2: Given the message (mb5, m}), the confer-
encing message m/}, and the codebooks above, perform the
measurement ", (L2 (vo(my, m4)[i], va(mf, mh, my)[i]))
on the entangled system AZ, and transmit the measurement
outcome x4 through the channel.

The resulting input distribution is given by

-1l
v1i]) ® Lo (22i] |vold],

f(x?vxﬁm/lam/l/’ ml27m/,
Tr [(L1 (1 [3] | wod), v2lil)) 9,4,
(120)

where vy = v (m}, mb) and vy = v (mf, mb,m}) for k =
1,2.

5) Decoder: In a similar manner as in the previous proof,
find a unique tuple (17}, MY, mb, M%) such that (vl (], mb),
of 1tk st i), v (mi, iy, 15), y™) € S (D va vy ).

As before, the joint distribution is

pvo,vl,vz,xl,xz,Y(vo, V1, V2,%1, T2, Z/)
=PV (UO)JUV1 Vo ('Ul |U0)pv2 Vo (U2 |Uo)
- Tr [(L1(z1]vo, v1) @ La(z2|vo, v2)) pa, 4,]

- Pyx, x, (y|21, 22). (121)

If there is none, or more than one such pair, declare an error.

6) Analysis of Probability of Error: At first, suppose that
the messages are uniformly distributed. By symmetry, we may
assume without loss of generality that the transmitters send
M{ =M =M)=Mj =1.

We consider the error events below, whereby the correct
messages do not satisfy the decoding rule (the event &, below),
or alternatively, the decoder has ambiguity for the common
information alone (&), for one of the private messages (&1 and
&3), both private messages (&3), the common information and
one private message (&3 and &%), or all messages (&£5):

o ={(Vg"(1,1), V" (1,1,1),V5*(1,1,1), V™)

¢ A (v v vy} (122)
& = (V5" (m},my), V" (m}, mj, 1), V5" (mf, m5, 1),Y™)
€ Aén) (Pvo i Vs )» for some (mf,mb) # (1,1)}, (123)

& = {(Vg"(L, 1), V"(1, 1,mY), V5" (1,1,1),Y")
Af;n) (PVo.v4 Vs, v ), Tor some mf # 1}, (124)
= {(VO (171)aV1 (1,1,1),‘/2 (1 1 m2) Yn)
A((;n) (Pvo.v4 Vs, y ), for some m3 # 1}, (125)

{0 (1, 1), V" (1,1,m7), V3" (1,1,m3), Y™)
€ A(;n) (PVo.Vi.va.y ), Tor some my # 1 and m} # 1},
(126)

&1 = {(Vg' (m}, m3), Vi (mj, my, my), V3" (my, m, 1),
Y") e A(n)(pvo Vi Vo.y )s for some (m,my) # (1,1)

and mY # 1}, (127)

& = {(Vg' (m3, m3), V" (my,mj, 1), V3" (mh, my, m3),
Y") e A(")(pvo,vl,v%y), for some (my, mb) # (1,1)

and mj # 1} (128)
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gﬁ = {(‘/On(mlla mIQ)a ‘/ln(m/h m/Qa m/1/)7 VQH(mllv m/27 mlgl),
Y") e A((;n)(pvoyvl,vby), for some (mf,mb) # (1,1),
m! # 1, and m) # 1} (129)

with 6; = 6/(2|Vo||V1|[V2|). By the union of events bound,
the expected probability of error is bounded by

E[P(#]1,1)] < Pr (&) + Pr (&) + Pr (& | &)
+Pr (& | 65) +Pr (& | 65) +Pr (&)
(130)

where the expectation is with respect to the random auxiliary
codebooks, and the conditioning on M| = M{ = M} =
M} =1 is omitted from the right-hand side for convenience
of notation. Observe that the codewords V{*(1,1), V7*(1,1,1),
V3'(1,1,1), channel inputs X7, X7, and channel output Y,
are jointly i.i.d. according to pv; v, vs,x,,X,,v, as in (121).
As in the proof of Theorem 2, we observe that Pr (&), tends
to zero as n — oo by the weak law of large numbers.
Furthermore, by the union bound, the second error term is

bounded by

(mfy,my)#(1,1)

V2n(m/17m/2’ l)a Yn) € Agn)(pvhvz,y))'
By standard method-of-types arguments, each term is then
bounded by 2 nU(VoViVai¥)—=(9)) [56] [57, Th. 1.3],
with 9(8) = 2H(Y) - ming, vy 0. {PVe, 11,2 (Vo, V1, U2)
Pvo.viva (Vo,v1,v2) > 0}. Since Voo (Vi, V)oY form a
Markov chain, we have I(VuV1Va;Y) = I(V1Vs;Y). Tt fol-
lows that

Pr (&) < Pr (Vg (mh, mb), Vi (b, 1),

(131)

Pr (gol) < 27n[I(V1V2;Y)7R’17R;760(5)]. (132)

Thereby, the term Pr (&) tends to zero as n — oo, provided
that

R + Ry < I(ViVa;Y) — 0(6). (133)
Now, consider the third error term:
Pr(g 65 < > P00 (L mD),
my#1
V(L1,1),Y") € A8 (v vy ))- (134)

Given &%, it follows that (Vg*(1,1), Va*(1,1,1)) € A% (pyyvs)-
Thus, each summand is bounded by

n ,mn

(v W) €A™ (pvy.vy) RS RN
A (pvy, vy va,y)

Py v, (T1vG) - pym v v (" |vg v3)

p’r‘}o,VQ (v67‘7 /U;L)

(135)

since for every m{ # 1, the codeword V{*(1,1,m{)
is conditionally independent of the sequence pair
(V3r(1,1,1),Y™), given VJ*(1,1) = vf. As the sum within
the square brackets is bounded by 2~ "(/(Vi;Y[Vol2)=e1(9)) for
€1(6) = 2H(Y[VoV1V2) - minyg vy w0 {Pvo,va,v2 (v0, 01, 02)
PV, Vi, Ve (Vo, V1, v2) > 0} (see [56] [57, Th. 1.3]), we have

Pr ((g)l ‘ éooc) < 2—7L[I(V1;Y\V0V2)—R/1/—61(5)]. (136)
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Thereby, the term Pr (&) | &f) tends to zero as n — oo,
provided that RY < I(V1;Y|VpVa) — €1(0). Since R; =

R} + RY, this requires
Ry < I(Vi;Y[VoVa) + Ry —1(6). (137)
Recall that by (119), R} < Ca.
Following similar arguments, the probability terms

Pr (& | &§) and Pr (&3 | &) also tend to zero, provided that
Ry < I(V; Y[VoVi) + Ry — £1(9) (138)

and

Ri+ Ry < I(ViVa; Y|Vo) + Ry + Ry —e1(9).  (139)

By (119), R} < Cy3 and R}, < Cy;. Similarly, the remaining
error terms, Pr (é’j” | &), j € {4,5,6}, tend to zero if R} +
RL+ R} < I(V1Va;Y)—€1(8), Ri+RyY+RY < I(V1Va;Y) —
51(5), and Rll + R/2 + Rlll + RIQI < I(Vl‘/g, Y) — 51(5). Thus,
it suffices to require

Ry + Ry < I(VhVa;Y) — e1(9). (140)

We conclude that the average probability of error,
E {Pin)(%)}, averaged over the messages and the class of
random codebooks above, tends to zero as n — oo (see (3)).
Therefore, there must exist a (271,272 n) code such that
the message-average error probability vanishes. Based on
the arguments in the appendix, it follows that the rate pair
(R1, Ry) is also achievable with a maximal error criterion,
i.e., such that Pe(”) (%) < €p. Achievability for the regularized
formula follows by applying the coding scheme above to
the product MAC Pf/ . This completes the achievability
proof.

[X1,X2

B. Converse Proof

Consider the classical MAC with entanglement resources
and classical conferencing between the transmitters. We now
show the converse part. Suppose that Alice 1 and Alice 2 share
a bipartite state Wy, g,. Then, Alice k£ chooses a message
My, uniformly at random from [1 : 2"B«] for k = 1,2.
They perform a conferencing protocol, whereby Alice 1 sends
wli o, = s ,(M;, M) to Alice 2, and Alice 2 sends
wi | =sI (M, Ms) to Alice 1. Next, Alice 1 encodes her

. M, w?
message M; by performing a measurement .7-"1( o) o

{Fggiwhwgﬂ)} on her share of the entangled resources, E1,
and transmits the measurement outcome X ' over the channel.
In the same manner, Alice 2 performs an encoding measure-
ment ]—"Q(MZ’WLZ) that produces her transmission, X3'. Bob
receives the output Y™ and finds an estimate (]/\4\1,]/%\2) =
g(Y™) of the message pair.

Now, consider a sequence of (C12,Ca1)-permissible codes
(\I/n, 81-2(n)> Sgﬂl(n),}_l(n),]'}(n),gn) such that the aver-
age probability of error tends to zero, hence the error
probabilities Pr (1\71 ” Ml\M2>, Pr (HQ ” M2|M1), and
Pr ((]\/4\1, My) # (M, Mg)), are bounded by some «,, which

tends to zero as n — oco. By Fano’s inequality [33],

H(M,|M,, My) < ney,, , (141)
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H(M3| Mz, My) < neay, ,
H(M17M2|M1,M2) S Nes3n

(142)
(143)

where ¢, tend to zero as n — oo. Since conditioning cannot
increase entropy, we also have

H(M| My, My, wl_o,wi ) <newn,  (144)
H(My| My, My, wl 5,0l 1) < neay, (145)
H (M, My| My, My, wd 1) < nes,. (146)
Now,

nRy = H(M;|Ms)

= I(My; Mywi w3 [Mo)
+ H(M My Maw] w3 )
< I(My; ]T/I\lwipﬁngTHﬂMg) + ney
< I(My; Y0l owd (| M) + nepy, (147)

where the last inequality follows from the data processing
inequality. Applying the chain rule, we can rewrite this as

n(Ry — €1n)
S I(M17 w?—>2w§—>l|M2> + I(M17 Yn‘M27w,1T—>2wgw—>1)

T

§ : t—1
I thl‘}Q }wQ‘ﬂ |M2,w14)2w24)1>

t=1

+ I(My; Y | My, wl o0l ) (148)

Since wy_.1[t] is a deterministic function of (Ma,w!™%), this
reduces to

n(Ry — £14)

™=

: t—1
I (My;wi—a[t]| Mo, wi—hwi”h)

ﬁ
Sl
—

+ Z I(M17 Yn|M23 w{—>2wg‘—>l)
=1

<nCig + Z I(My; Y™ Ms,, W1Te2W2T—>1) (149)

i=1

as Z;‘F:l log |Q:(Lt2)| < nChy for a (Cha, Ca1)-permissible code
(see (12)). The converse part for the regularized capacity for-
mula follows by identifying Vj, V1, and V5 with wlT_)QwQT_d,
M, and M. Then, by [58, Eq. (20)], V7 and V; are statisti-
cally independent given Vj.

As for the single-letter outer bound, we now have

n(Rl — Eln)

S 'I’LC]Q + ZI (M17 Y[Z} ’ Yi_lawz;zawg;?dg;p M2) .
i=1

(150)

Then, define VO[Z] = (YZ ! wl_,QwQﬁl) Vili] = (M,

Yl ! w1~>2w2~>1) [] (MQ?Y W{HQW%—'HI) for
1 =1,.
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Furthermore, since Alice 1 performs a measurement that
depends on her message m; and wi ; alone, and similarly
for Alice 2, the channel inputs X;[i] and X5[i] can also be
obtained as the output of a measurement as defined below.

Consider a measurement channel
Fomy @ Fum (151)

such that
FEme @)

=

a1 €X,

>

P EX : x1[i]=a1

m UJT
Tr (F;,Sib 1, 2_>1)Q/>‘| |a1><a1| ,
(152)
N(i’m27w?~>2) "
fE2—>X2 (Q )

| ¥

azEXo rpEX] : z2[i]=as

Tr (FCE?%MLQ)QH) 1 lag)az|

(153)

for every pair of operators Q' and Q” on Hg, and Hg,,
respectively. Let ¥p,p, = >, ,Q; ® Q] be an arbitrary
decomposition of the bipartite state. Hence, following the same
steps as in (115), we have

(P, @ F,) (n,)

- ¥

(a1,a2)EX X X

D

(x;LA,x;L)EX{L X X3
z1[i]=a1 , z2[i]=a2

Te((F e

Flmeeise)yg ) 154
y BB, ) | a1, az)a1, as (154)

as expected. We deduce that the channel inputs X [i] and X5 i]

can be obtained from a product of measurements of the form

Lyi(x1i, Voli], Va[i]) and La(x2|i, Vo[i], Va[i]), as required.
Then, we can rewrite (150) as

721 (Vi)

= (V1[

| N

Ry — e, | Voli, Vali ]) + Ch2

J]| VolJ], ValJ], J|VolJ], J) + Ciz

(155)
where the index J is drawn uniformly at random from

{1,...,n}, and it is uncorrelated with the previous systems.
Following the same considerations,

R2_52n<I(V2[ ‘VO V1[J],J)+C21
(156)
and
R1+R2*€3n§I(V1[J]V2[ | VolJ J)
+ Ci2 + Ca.
(157)
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In addition, by (143),

R1+R2—€3n S I(MlMQ;J/\Ilj/\J\Q)

IN
SI= 3I=3

I(MlMQ; Yn)

> I(My My YT | Y

i=1

VWYY a5s)
The proof follows by defining Vi, = (J, Vi[J]), for k =0, 1,2,
then Xy = Xy[J], and Y = Y[J].

IN
~

X. SUMMARY AND DISCUSSION
A. Summary

To summarize, we have considered communication over a
two-user classical multiple-access channel (MAC) Py x, x,
with entanglement resources shared between the transmit-
ters a priori, before communication begins, as illustrated in
Figure 1. Our main results are inner and outer bounds, as well
as a regularized characterization, for the capacity region of
the general MAC with entangled transmitters. We have also
shown that the examples by Leditzky et al. [14] are a special
case and follow from our main result in Theorem 2.

In addition, we observe the following change of behavior.
In general, achievable communication rates may also depend
on the error criterion. For a classical MAC without entangle-
ment resources, it has long been known that the relaxation to
a message-average error criterion can lead to strictly higher
achievable rates, when compared with a maximal error crite-
rion [31] (see Remark 3). Here, however, the capacity region
with entangled transmitters remains the same, whether we
consider a message-average or a maximal error criterion.

The auxiliary systems A; and As in our characterization
have unbounded dimensions, as mentioned in Remarks 6-7.
Although one can always compute an achievable region by
simply choosing the dimension of A; and A, the optimal
rates cannot be computed exactly in general. The lack of
a dimension bound for the reference system plagues many
other quantum models in network information theory, such
as the MAC with entangled transmitter and receiver [12], the
broadcast channel (see Discussion section in [59]), wiretap
channel [60, Remark 5], and squashed entanglement [61,
Section 1]. Here, the problem is inherent to the communication
scenario. The examples due to Leditzky et al. [14] demonstrate
that for some channels, the capacity region can be achieved
with a finite entanglement rate (see Example 1), while for
other channels, achieving the full capacity region requires an
infinite amount of entanglement resources (see Example 2).

B. Unbounded Dimensions

In the resource theory literature, the set of conditional
distributions px, x,[v;,v, arising from all choices of finite
dimensional Hilbert space H 4, and H 4,, all measurements
Ly(v1) ® La(vz), and all |Ppa, 4,), is called the family of
quantum spatial correlation matrices, and it is denoted by [62]

Cqs(|X1|7 |X2|)
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Furthermore, the quantum commuting family, Cy.(|X1], | A2]),
is the set of commuting quantum correlation matrices,
i.e., such that the measurement operators for Alice 1 and
Alice 2 commute, and the quantum approximate family
Cya(|X1], |X2]) is the closure of the quantum spatial family,
Coa(|X1], |Xa]) = Cqs(JX1], | X2]). The quantum commuting
family Cyc(|X1], | X2]) is a closed set as well. We note that if
the systems were classical, then the three classes would have
been identical based on the Fenchel-Eggleston-Carathéodory
theorem [35] (see Section VI-A.2). However, in the quantum
case, the relation between those classes is not so obvious.

There are different conjectures related to the Tsirelson
problem [63]; the strong conjecture states that the commuting
and spatial families are identical, i.e., Cgs = Cy.; the weak
version that the commuting and approximate families are
identical, i.e., Cyc = Cyq; and the middle states that the spatial
and approximate families are identical, i.e., Cys = Cyq. The
weak Tsirelson conjecure is equivalent to Conne’s embedding
conjecture [64]. The Tsirelson conjecture is closely related
to the study of nonlocal quantum games: Cys # Cyq is true
if and only if there exists a nonlocal game that can be won
with certainty using a limit of finite-dimensional entanglement
resources, but cannot be won with certainty for a bounded
dimension.

Slofstra [65] has shown that indeed there exists a game
that can only be won in the limit of finite-dimensional
entangelemnt, hence C,, is not closed, and both the strong
and middle Tsirelson conjectures are false (Cys # Cyc and
Cys # Cqq). More recently, Ji et al. [66] constructed a game
such that the entangled value differs from its commuting-
operator value, proving that the weak Tsirelson conjecture is
also false.

As the dimension of our entangled systems A; and As in
the rate formulas (20) and (25) is unbounded, the formulas for
Rer(Py|x,,x,) and Ogr(Py|x, x,) involve a union over the
approximate family Cy,. Since Cys # Cyq, it follows that the
union cannot necessarily be exhausted by finite-dimensional
bipartite states.

C. Open Problems

There are many variations of the MAC setting with entan-
gled and conferencing settings, as illustrated in Table IV.
In particular, the conferencing transmitters may send either
classical or quantum messages to one another, the conferenc-
ing protocol may consume pre-shared entanglement, and the
encoding procedure may also use pre-shared entanglement,
in addition to the conferencing outcome. We refer to each
case in Table IV below:

e Case 1 is the classical setting, without cooperation
resources (see [56, Chap. 14]). The classical setting of
Case 3, i.e., classical conferencing without entanglement,
was originally studied by Willems [58].

e Case 2 corresponds to our first result in this work,
on the MAC with entanglement resources between the
transmitters, without conferencing. We have established
in Theorem 2 that the capacity region is given by the
regularization of the region Rer(Py|x,, x,)-
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TABLE IV
MAC SETTINGS WITH ENTANGLEMENT AND CONFERENCING TRANSMITTERS
Conferencing Stage Encoding Stage

Case | Classical Link \ Quantum Link \ Entanglement? | Entanglement? | Capacity Formula
1 No Conferencing No [56, Chap. 14]
2 No Conferencing Yes Rer (see (20))
3 v No No [58]
4 v No Yes Retc (see (40))
5 v Yes No Open
6 v Yes Yes Rerc (see (40))
7 v No No Open
8 v No Yes Open
9 v Yes No Open
10 v Yes Yes Open

o In the present work, we have introduced the setting in APPENDIX

Case 4, whereby the transmitters perform a classical
conferencing protocol and then encode using pre-shared
entanglement. See Subsection III-C. We have established
in Theorem 4 that the capacity region is given by the
regularization of the region Rerc(Py|x,, x,, Ci2, Ca1).

o In Case 5, entanglement is only available at the con-
ferencing stage. In the encoding stage, the transmitters
do not use entanglement resources. Nevertheless, the
transmitters can perform releportation in the conferencing
stage in order to generate entanglement resources to
be used in the encoding stage. Although, this could
come at the expense of trading information between the
transmitters.

« In Case 6, the transmitters may use pre-shared entangle-
ment in the encoding stage as well. As the conferencing
link is classical and free of noise, entanglement resources
at the conferencing stage do not increase the achievable
rates, and the capacity region in Case 6 is the same as in
Case 4.

o The capacity region in the quantum conferencing settings
remains open. In Subsection III-D, we introduced the set-
ting in Case 10, whereby the transmitters have quantum
conferencing links, and they use pre-shared entanglement
in both the conferencing and encoding stages. We have
shown that the transmitters can then use the entanglement
in order to double the conferencing rate using superdense
coding (see Theorem 5).

o We conjecture that the capacity region in Case 8 is
the same as in Case 4, i.e., if the transmitters have
unlimited entanglement resources at the encoding stage,
but none at the conferencing stage, then it makes no
difference whether the conferecing link is classical or
quantum.

¢ Notice that in Case 7, the encoders do not have access
to entanglement resources. Nevertheless, quantum con-
ferencing can be used in order to generate entanglement
resources. Yet, this could come at the expense of trading
information between the transmitters. The same principle
holds in Case 9. The optimum in those cases remains
open as well.

MAXIMAL ERROR CRITERION

We show here that if a rate pair (R, Rz) is achievable with
a message-average error criterion, then it is also achievable
with a maximal error criterion (see (8), cf. (3)). As pointed
out in Remark 3, this property does not hold for a classical
MAC without entanglement resources [31] [32, Sec. 2.2].
Nonetheless, Cai [32] considered the classical MAC without
entanglement resources, and showed that the capacity region
of the classical MAC with a message-average error criterion is
also achievable with a maximal error criterion, if the encoders
are provided with a random key. Since the entanglement
resources in our model can also be used in order to generate
a random key, the arguments by Cai [32] extend to our model
as well. For completeness, we give the details below. It can
easily be seen from the calculations below that the new codes
only require rate-constrained entanglement resources.

We note that if (R, R2) = (0,0) is the best achievable
pair with a message-average error criterion, then the capacity
region with a maximal error criterion is Cer(Py|x, x,) =
{(0,0)}, and there is nothing to show. Hence, we may assume
without loss of generality that R; > 0 is achievable with
entangled transmitters subject to a message-average error
criterion. Let 4" be a code with entangled transmitters such
that the message-average error probability is bounded by

gnRy gnRay

1 n
gty O 2. D@ ma) <

mi1=1mso=1

P (¢) =
(159)

for large n, where ~ is arbitrarily small. For every mgy € [1 :
2nf2] | define the semi-average probability of error by

onRy
1
e(ms) = F Z P (Fmy, msy). (160)
m1:1

Consider the following subset of “good” messages for
User 2,
(161)

/2 = {m2 efl: 2"’R2} s e(mg) < 2- '7}-
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Observe that by (159), the average value of e(my) is bounded
by

1 X
T > e(ma) <. (162)
mz:l

This, in turn, implies that the subset M is at least as large
as half the original set, i.e.,

M| >
— on(Ra—%).

1
5 onke (163)

(164)

Otherwise, the average value of e(msg) would have been
greater than or equal to v, in contradiction to (162). Therefore,
User 2 can throw away the messages outside MY, and transmit
at a rate of Ry = Ry — 1, arbitrarily close to R,.

We now construct a new code that is reliable under the
maximal error criterion. In this construction, Encoder 1 first
performs a measurement on an ancilla of dimension n? to
obtain a uniformly distributed key L; € [1 : n?]. Then,
the transmission consists of two consecutive blocks. In the
first block, Encoder 1 sends the key L; to the receiver using
a code based on a message-average error criterion. At the
same time, Encoder 2 sends Lo = 1. Since the key set size
is sub-exponential and we have assumed that User 1 can
communicate at a positive rate, the key can be sent using a
code of length v = o(n). As for the second block, given a
key outcome L, Encoder 1 chooses a permutation 77, on the
message set [1 271 and encodes by applying the encoding
map ]—"1(”“) with 7y = 77, (m1). At the same time, Encoder 2
encodes using .7-'2(m2), as in the original code. Bob receives
the output sequence (Y, Y ™) of length v+ n, and decodes as
follows. He uses the first part, Y, in order to find an estimate
I:l and ﬁg = 1 for the keys. Then, Bob declares his estimation
for the messages as (1, m2) = (W; x 12)g(Y™), using
the output Y of the second block, where 15 is the identity
permutation on M. We denote the code that is used in the
second block by 7 (€) = (¥, 7Fy, Fa, 7 1g).

Having assumed that the key L; is uniformly distributed,
the probability of decoding the wrong key is the semi-average
probability of error for the first block. That is,

n2

> PG 1) < 2y.

(=1

Pr(Ly £ L1) = i (165)
n

Now, consider the second block. Let 3 denote the per-
mutation group on the message set [1 : 2"f1] of User 1.
Furthermore, let II;, ..., II,2 be an i.i.d. sequence of random
permutations, each uniformly distributed over 3. Then, for a
given myq,

(rBr — 1)1 1

Pr(Hz (ml) (Qan)! = onR;

— i) = (166)

2nf1] and ¢ € [1 : n?]. Thus, for every
€ [1:2081] x My,

for all m; € 1 :
message pair (mjq, ms)

E [Pé”)(ﬂg(%ﬂmi, mz)}
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= D Pr(e(mr) = i) - P (@i, o)

1
1 " 5
— g S0 PG, ma)
7’71,1
= e(m2)
< 2y

(167)

where the first equality follows from the construction of the

code 7y(%), the second equality is due to (166), the third is

due to (160), and the last inequality follows from the definition

of MY in (161). Hence, based on the Chernoff bound, we have
7L2

1 N
Pr| — Y PU(I(%)ma,ma) > Ty | <e™ 7™ (168)

n
=1

(see [32, Lemma 3.1], taking L «+ n?, a < 2, 3 « 7). This
means that the probability that the random code I (%) has
an error higher than 7+ tends to zero in a super-exponential
rate. Thus, by the union bound,

L5 rom

. 6_7'n2

Pr | 3(mq,m2) €)|my, ma) > Ty

2n(R1 +RY%)

2

T (169)

IN

e

[V

IN

for sufficiently large n. Therefore, there exists a realization
(m1,...,mp2), such that

P(n)(ﬁL( )mi,ma) =

ZZP(” i

)m1,ma) < Ty

(170)

for all (mq,ms) € [1 : 2"%] x M. In other words, the
maximal error probability for the second block is bounded by
7v. By choosing v = ao, we have that the maximal error
probability of the overall code of length n + o(n) is bounded
by €o, as we wanted to show. By increasing the code length n,
the overall transmission rates oﬁ Ry and s (R — 1)

n+
can be made arbitrarily close to R; and R,, respectively.
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