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Abstract

Quantum coordination is considered in networks with classical and quantum links. We begin with networks with classical
links, and characterize the generation of separable and classical-quantum correlations in three primary models: 1) a two-node
network with limited common randomness (CR), 2) a no-communication network, and 3) a broadcast network, which consists of
a single sender and two receivers. We establish the optimal tradeoff between the classical communication and CR rates in each
setting, thus characterizing the minimal resources for simulating classical-quantum correlations.

Next, we consider coordination in networks with quantum links. We study the following models: 1) a cascade network
with limited entanglement, 2) a broadcast network, and 3) a multiple-access network with two senders and a single receiver.
We establish the optimal tradeoff between quantum communication and entanglement rates in each setting, characterizing the
minimal resources for entanglement coordination. The examples demonstrate that coordination of entanglement and coordination
of separable correlations behave differently. At last, we show the implications of our results on nonlocal games with quantum
strategies.
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I. INTRODUCTION

State distribution and coordination are important in quantum communication [1], computation [2], and cryptography [3].
The quantum coordination problem can be described as follows. Consider a network that consists of N nodes, where Node
¢ can perform an encoding operation & on a quantum system A;, and its state should be in a certain correlation with the
rest of the network nodes. The objective is to simulate a specific joint state wa, 4,... 4. Node ¢ can send qubits to node
j via a quantum channel at a limited rate (); ;. The nodes may also share limited entanglement resources, prior to their
communication. The optimal performance is characterized by the quantum communication rates (; ; that are necessary and
sufficient for simulating the desired quantum correlation. Alternatively, the nodes may send bits using classical communication
links at a limited rate R; ;. Instances of the network coordination problem include channel/source simulation [4-9], state
merging [10, 11], state redistribution [12, 13], entanglement dilution [14—17], randomness extraction [18, 19], source coding
[20-23], and many others.

Two-node classical coordination: In classical coordination, the goal is to simulate a joint probability distribution. In the
basic two-node network, see Figure 1, two users would like to simulate a joint distribution pxy . This can be achieved if and
only if the classical communication rate I2; » is above Wyner’s common information [24], defined as:

C(X;Y) & minI(U; XY), (1)

where the minimum is taken over all auxiliary variables U that satisfy the Markov relation X-e-U-eY, and I(U; XY) is
the mutual information between U and (X,Y’). One may also consider the case where the nodes share classical correlation
resources, a priori, in the form of common randomness. Given a sufficient amount of pre-shared common randomness, the
desired distribution can be simulated if and only if R; » > I(X;Y") [25, 26].

Random bits

X’Vl YTI. ATL BIL

Fig. 1: Classical two-node network Fig. 2: Quantum two-node network



iR

SEEIRED
| | | ;
An B cn Charlie
Cn

Fig. 3: Two-node network with classi- Fig. 4: No-communication network Fig. 5: Broadcast network with classi-
cal links with common randomness cal links

Two-node quantum coordination: In the quantum setting, see Figure 2, the goal is to simulate a joint state. A bipartite
state w4 p can be simulated if and only if the quantum communication rate is above the von Neumann entropy [15], i.e.,
Q12 > H(wp), with H(p) = —Tr(plog(p)), where wp is the reduced state of wap. Now, suppose that the nodes share
entanglement resources, prior to their communication. Based on the quantum reverse Shannon theorem [27], given sufficient
entanglement, the desired state can be simulated if and only if the quantum communication rate satisfies 12 > %I (4; B).,,
where I(A; B),, is the quantum mutual information.

Multi-node quantum coordination: In this work, we consider quantum coordination in networks with either classical links
or quantum links. The models of coordination in multi-user networks with classical links are motivated by quantum-enhanced
Internet of Things (IoT) networks in which the communication links are classical [28-31], and the study of coordination in
models including quantum links is motivated by applications such as the quantum Internet and quantum repeaters [32]. In
each network, we determine the optimal coordination rates, characterizing the minimal resources required in order to simulate
a joint quantum state among multiple parties. We further discuss the implications of our results on nonlocal quantum games.
In particular, coordination in the broadcast network in Figure 7 can be viewed as a sequential game, where a coordinator (the
sender) provides the players (the receivers) with quantum resources. In the course of the game, the referee sends questions,
X™ and Y, to each player, and they respond with B™ and C™. In order to win the game with a certain probability, the
communication rates must satisfy the constraints with respect to an appropriate correlation.

Our work is divided into two parts, focusing on classical links and quantum links.

A. Classical Links

We first consider quantum coordination in three multi-user networks with classical communication links, where Node
sends classical bits to Node j at a limited rate R; ;. While classical links cannot generate entanglement, we may consider the
simulation of classical-quantum (c-q) and separable states in multi-user networks, where shared random bits are available to
the network users at a limited rate. This resource is referred to as common randomness (CR).

We study three networks with classical links. Our results are summarized below.

1) Two-Node Network: Consider a two-user network as in Figure 3. Alice and Bob aim to simulate a c-q state w%'y. Before
communication begins, Alice and Bob share CR in a limited bit rate [Zy. Then, Alice sends classical bits at a rate /22 to
Bob. We characterize the optimal tradeoff between the required rate of description and the amount of CR used. Specifically, a
rate pair (Ro, R1,2) is called achievable if there exists a sequence of coordination codes such that the encoded state pxnpn is
en-close to w%%, where ¢, tends to zero as n — oco. We show that coordination can be achieved iff the rate pair (R, R12)
satisfies

Rip > 1(X;U)s, )
Ro+ Ry > I(XB;U),, 3

for some c-q extension oxyp of the form
OXUB = Z px.u (e, u) |zfz]x © u)luly @0 . S

(z,u)eX xU
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2) No-Communication Network: Our second model is a no-communication network, see Figure 4, where three users, Alice,
Bob, and Charlie would like to simulate a separable state wapc, given CR at a rate Ry, and no communication. We show that
the optimal CR rate is Ry = inf I(U; ABC),, where the infimum is over the set of all extensions

ovasc = Y pu(u) [u)ul, ® 04 © 0% ® 0 )
uel
such that 0 y4pc = wapc. Note that A, B and C' are uncorrelated when conditioned on U.
3) Broadcast Network: In the broadcast network in Figure 5, a single sender and two receivers wish to simulate a classical-
quantum-quantum state wyxpc. We establish that the state wypc can be simulated in the broadcast network in Figure 5 iff
the rate pair (R, Ry 2) satisfies

Ry, >I1(X;U)s, (6)
Ry+ Ri2 > I(XBC;U),, 7

for an extension o xypc that satisfies a Markov property.

B. Quantum Links

In the second part of our work, we consider coordination with quantum links, where Node i sends qubits to Node j at a
limited rate @; ;. We study three multi-user networks of this form.

1) Cascade Network: We begin with the cascade network in Figure 6. Alice, Bob, and Charlie wish to simulate a joint
quantum state wapc. Let [wapcor) be a purification of the desired state. Before communication begins, each party shares
entanglement with their nearest neighbor, at a limited rate. Now, Alice sends qubits to Bob at a rate ()1 2, and thereafter, Bob
sends qubits to Charlie at a rate Q2 3. We show that w4 pc can be simulated iff the rate tuple (Q1,2, E1,2,Q2,3, E2,3) satisfies

Q2> SI(BC;R), ®
Q12+ E1p > H(BC),, )]
Qas > SI(C; RA), (10)
Q23+ Ea3 > H(C)y, (11)

where E; ; is the entanglement rate between Node ¢ and Node j and |wapcr) is a purification of wapc.

We provide two examples showing how the capacity behavior changes when simulating a mixture versus a tripartite entangled
state (see Figure 13).

2) Quantum Broadcast Network: Next, we study the quantum broadcast network shown in Figure 7. Consider a network
with a single sender, Alice, and two receivers, Bob and Charlie, where the latter are provided with classical sequences of
information X™ and Y. We show that the state wxy apc can be simulated iff the rate pair (Q12,Q1,3) satisfies:

Q12 = HB|X)., 12)
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Qi3 = H(C|Y)w, 13)

where wxy 4pc is the desired joint state.

3) Multiple-Access Network: The third quantum-link setting is the multiple-access network shown in Figure 8. In this setting
we have two transmitters, Alice and Bob, and one receiver, Charlie. We observe that since there is no cooperation between
the transmitters, a joint state w4 pc can only be simulated if it is isometrically equivalent to a state of the form wac, ® wpc,.
We show that the state w4pc can be simulated iff the rate pair (@1 3,Q2,3) satisfies:

Q13> H(C1)w, (14)
Q2,3 > H(Cy),, (15)

We further discuss the implications of our results on nonlocal quantum games. In particular, coordination in the broadcast
network in Figure 7 can be viewed as a sequential game, where a coordinator (the sender) provides the players (the receivers)
with quantum resources. In the course of the game, the referee sends questions, X™ and Y, to each player, and they respond
with B™ and C™. In order to win the game with a certain probability, the communication rates must satisfy the constraints
with respect to an appropriate correlation.

In the analysis, we use different techniques for different networks, including quantum resolvability results [33-35], random
coding, the state redistribution theorem [12], and the Schumacher compression protocol. In the broadcast network with quantum
links, we assume that Alice does not have prior correlation with Bob and Charlie’s resources X™ and Y ™. Therefore, the standard
techniques of state redistribution [12] or quantum source coding with side information [36] are not suitable for our purposes.
Instead, we generalize the method of classical binning [37] to handle the quantum case.

The paper is organized as follows. In Section II, we introduce the notation conventions. In Section III, we consider
coordination of c-q and separable correlations in networks that consist of classical links. We present the coding definitions
and results for the two-node network, the no-communication network, and the broadcast network in Subsections III-A, III-B,
and III-C, respectively. In Section IV, we consider entanglement coordination in networks that consist of quantum links. We
address the cascade, broadcast, and multiple-access networks, in Subsections IV-A, IV-B, and IV-C, respectively. In Section V,
we discuss the implications of our results on quantum nonlocal games. The analysis for the three networks with classical
links is given in Sections VI, VII, VIII, and for the three networks with quantum links in Sections IX, X, XI. Section XII is
dedicated to summary and discussion.

II. NOTATION

We use standard notation in quantum information theory, as in [38], X,Y, Z, ... are discrete random variables on finite
alphabets X', Y, Z, ..., respectively, The distribution of X is specified by a probability mass function (pmf) px (z) on X'. The
set of all pmfs over &’ is denoted by P(X’). We use 2™ = (z;);e[,,] denotes for a sequence in of letters from X™. A quantum
state of a quantum system A is described by a density operator, p 4, on the Hilbert space H 4. Denote the set of all such operators
by A(Ha). A c-q channel is a map Nx_,p : X — A(H ). A measurement is specified by a collection of operators {D,} that
forms a POVM. positive operator-valued measure (POVM). , i.e., D; > 0 and ) ;Dj =1, where 1 is the identity operator.
Given a bipartite state p 4, on H 4 @H p, the quantum mutual information is defined as I(A; B), = H(pa)+H (pp)—H(paB),
where H(p) = —Tr[plog(p)], is the von Neumann entropy, the conditional quantum entropy as H(A|B), = H(pap)—H(pB).
and I(A; B|C), = H(A|C), + H(B|C), — H(A, B|C), , is defined accordingly.

III. CLASSICAL LINKS — MODEL DEFINITIONS AND RESULTS

We begin with networks with classical links. We consider three coordination settings with classical communication links as
described below.



A. Two-Node Network

Consider the two-node network in Figure 9. Here, we use simpler notation, 2y = R; o, for convenience. Alice and Bob
wish to simulate a c-q state w%’é, using the following scheme. Node 1 (Alice) receives a classical source sequence =", drawn
by Nature according to a given PMF px. The source sequence is encoded into an index m; at a rate R;. Node 2 (Bob) is
quantum. Both nodes have access to a CR element m at a given rate Ry, i.e., mg is uniformly distributed over [Q”RO], and
it is independent of X".

Formally, a (2"30 ,2nft n) coordination code for the simulation of a c-q state wx g consists of a classical encoding channel,
F : X" x [2nfo] — [27F1]) and a c-q decoding channel Dy, as, 5». The protocol works as follows. A classical sequence
2™ ~ p'% is generated by Nature. Given the sequence x™ and the CR element mg, Alice selects a random index,

my ~ F(-|z", mg) (16)

and sends it through a noiseless link. As Bob receives the message m; and the CR element my, he prepares the state

pg’?’ml) = Dty ry—Bn (Mo, m1) . 17)

Hence, the resulting joint state is

-~ 1 7 n n n n mo,m1
Pxenr =g DL D (px(:v)lw a"xe @ > Flmyla™, mo)plie )). (18)

m0€[2”RU] zreXxn 777«16[2nR1]

Definition 1. A coordination rate pair (R, Ry) is achievable for the simulation of wx g, if for every £, > 0 and sufficiently
large n, there exists a (27(Fo+9) 2n(F149) ') code that achieves

[Pxnpn — Wi, <e. (19)

The coordination capacity region of the two-node network, R o4 (w), With respect to the c-q state wx g, is the closure of the
set of all achievable rate pairs.
The coordination capacity, Cg(_)n)oge(w), without CR, is the supremum of rates R; such that (0, R1) € Ranode(w). The CR-

assisted coordination capacity, Cgfode
for some Ry > 0.

The optimal coordination rates for the two-node network are established below.
Consider a given c-q state wx p that we wish to simulate. We now state our main result. Define the following set of c-q
states. Let 5 .node(w) be the set of all c-q states

(w), i.e., with unlimited CR, is the supremum of rates Ry such that (Rg, R1) € R2node(w)

oxUB = Z pxu(x,u) )z @ uful, ® 0 (20a)
(z,u)€e
X xU
such that
OXB = WXB (20b)

for [U| < |X|?[dim(Hp)]? + 1. Notice that given a classical value U = u, there is no correlation between X and B.
Theorem 1. The coordination capacity region for the two-node network described in Figure 9 is given by the set

N (Ro,Rl)ERQ: R4 EI(X;U)(T,
Rameelw) = U( ){ Ro+ R > I(XB:U), f° @D

The proof for Theorem 1 is given in Section VI. The following corollaries immediately follow.
Corollary 2 (Quantum Common Information [8]). The coordination capacity without CR is

RY (w)=  min  I(XB;U),. (22)

node
X UBES 2n0de (W)

Corollary 3. The CR-assisted coordination capacity, i.e., with unlimited common randomness, is given by

R (w)2  min  I(X;U), (23)

2-node XU BES2n0de(W)

We note that in order to achieve the CR-assisted capacity, a CR rate of Ry = I(U; B|X), is sufficient. If B = Y is

classical, then we may substitute U = Y, which yields the capacity Rg_)lfo)de(w) = I(X;Y), and it can be achieved with CR at

rate Ry = H(Y'|X) [26].
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B. No-Communication Network

Consider a network that consists of three users: Alice, Bob and Charlie, holding quantum systems A, B, and C, respectively.
The users cannot communicate, but they share a CR element mg at a rate Ry, as illustrated in Figure 10. Given mg, each
user prepares a quantum state separately.

A (2"R°,n) coordination code for the no-communication network consists of a CR set [2"%°], and three c-q encoding
channels, 7']&10) Ly Ans 7'16[20 ) _,pgn»and T]\(/i ) _,con- As Alice, Bob, and Charlie receive a realization j of the CR element, each uses
their encoding map to prepare their respective state. prepares a quantum state, piln = TJ\(410) _an(Mmo), p%n = 7;5[20) _ an(mo),

and p]é" = 7;\(130 ) _,cn(mo), respectively. Hence,

1
parmren = g . T (mo)® T (mo) & T (mo) 24)

mo€[2n o]

Definition 2. A CR rate R is achievable for the simulation of w4 ¢, if for every €, > 0 and sufficiently large n, there exists
a (2n(Ro+9) n) coordination code that achieves

Hb\AanCn _w§g0|‘l S . (25)
The coordination capacity Cnc(w), for the no-communication network, is the infimum of achievable rates Ry. If there are no
achievable rates, we set Cnc(w) = +o0.

The optimal coordination rates for the no-communication network are established below. Consider a given quantum state
wapc that we wish to simulate. We now state our main result. Define the following set of c-q states. Let .#yc(w) be the set
of all c-q states

ovapc = Y pu(u) [u)uly ® 0% @ 0% @ O (26a)
ueU

such that

OABC = WABC (26b)

Given U = u, there is no correlation between A, B and C.
Theorem 4. The coordination capacity for the no-communication network described in Figure 10 is

Crel(w) = inf  I(U;ABC), 27)

oy aBc € e (w)

with the convention that an infimum over an empty set is +oo.
The proof for Theorem 4 is given in Section VII.

Remark 1. Since the CR is classical, it cannot be used in order to create entanglement. Therefore, as Alice, Bob, and Charlie
do not cooperate with one another, it is impossible to simulate entanglement. That is, we can only simulate separable states.

Remark 2. For a product state wapc = wa ® wp @ we, we may take U to be null, hence Cnc(w) = 0. That is, in the case of
a product state, the simulation does not require CR between the users. On the other hand, if wap is entangled, for instance,
then there is no U that can satisfy (26), thus Cnc(w) = +o0.

For a classically correlated state wapc = 3 (|000)000] + [111)(111[), we have Cnc(w) = 1, since one bit of CR is required
in order to simulate such correlation. This rate is achieved with U ~ Bernoulli (%)
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Fig. 11: Broadcast Network. The CR element is omitted for simplicity.

C. Broadcast Network

Consider the broadcast network in Figure 11. A sender, Alice, and two receivers, Bob and Charlie, wish to simulate a c-q-q
state wx pc, using the following scheme. Alice receives a classical source sequence x™ € X™ drawn by Nature, i.i.d. according
to a given PMF px. Alice encodes the source sequence into an index m; at a rate R;. The other two nodes, of Bob and
Charlie, are quantum. The three nodes have access to a CR element my at a rate Ry. Similarly, a (Q”RU ,2nk n) coordination
code consists of a classical encoding channel, F' : X" x [27f0] — [27F1] "and two c-q decoding channels, DJ(VZ[)O My — By for
¢ € {1,2}. Given 2" and the CR element my, Alice generates m; ~ F(-|z™, mg), and sends it to both Bob and Charlie, who
then apply their decoding map.

The coordination capacity region of the broadcast network, Rpc(w), with respect to the c-q state wx pc, is defined in a
similar manner as in Definition 1.

The optimal coordination rates for the broadcast network with classical links are established below.

Consider a given c-q-q state wx pc that we wish to simulate. Define the following set of c-q-q states. Let . gc(w) be the
set of all c-q states

OCXUBC = Z pxu(T,u) |e)e|y @ [u)ul, @ 05 @ né (28)
such that
OXBC = WXBC - (29)

Note that given X, B, and C are uncorrelated given U = .
Theorem 5. The coordination capacity region of the broadcast network in Figure 11 is the set

(Ro, R1) € R?: Ry >I1(X;U),, }

Ric(w) = Ro+ R, >I(XBC,U),
yBc(UJ)

(30)

The proof for Theorem 5 is given in Section VIII. The following corollaries immediately follow.

Remark 3. Since Alice’s encoding is classical, she cannot distribute entanglement. Therefore, as Bob and Charlie do not
cooperate with one another, it is impossible to simulate entanglement between Bob and Charlie. That is, we can only simulate
states such that wpc is separable, as in the no-communication model (see Remark 1).

IV. QUANTUM LINKS - MODEL DEFINITIONS AND RESULTS

We consider three coordination settings with quantum communication links, as described below. We then discuss the
implications of the results obtained for the broadcast network shown in Subsection IV-B on nonlocal games.

A. Cascade network

Consider the cascade network with rate-limited entanglement, as depicted in Figure 12. In the Introduction section, we used
the notation @); ; for the communication rate from Node ¢ to Node j. Here, we simplify the notation, and write Q1 = Q12
and )2 = (2 3, for convenience.
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Alice, Bob, and Charlie would like to simulate a joint state w%ﬁ,c, where wapc € A(Ha ® Hp ® Hce). Before

communication begins, each party shares bipartite entanglement with their nearest neighbor. The bipartite state ]\I/TATQ
indicates the entanglement resource shared between Alice and Bob, while |®T§TC> is shared between Bob and Charlie. The
coordination protocol begins with Alice preparing the state of her output system A", as well as a “quantum description” M.
She sends M; to Bob. As Bob receives M, he encodes the output B”, along with his own quantum description, M>. Next,
Bob sends M5 to Charlie. Upon receiving M, Charlie prepares the output state for C™.

The transmissions M; and M, are limited to the quantum communication rates )1 and ()2, while the pre-shared resources
between Alice and Bob and between Bob and Charlie are limited to the entanglement rates £y and Es, respectively.

Definition 3. A (27?1, 27Q2 2nFr onE: p) coordination code for the cascade network in Figure 12 consists of:
« Two bipartite states ’\IJT AT&> and |@T§TC> on Hilbert spaces of dimension 2”71 and 272 respectively, i.e.,

dim(Hy,) = dim(Hyy,) = 2", (€1
dim(Hry) = dim(Hp,. ) = 272, (32)
« two Hilbert spaces, Hys, and Hz,, of dimension
dim(Hy,) = 2"% for j € {1,2}, (33)
and
« three encoding maps,
Erysannn, : A(Hry) = AHT" @ Har,) 34
Fanryry—peng : AHa, @ Hrorn) = ARG @ Hary) (35)
and
Dapyro—om = A(Har, @ Hry) = AHE™), (36)

corresponding to Alice, Bob, and Charlie, respectively.

The coordination protocol has limited communication rates (); and entanglement rates E;, for j € {1,2}. That is, before the
protocol begins, Alice and Bob are provided with nF qubit pairs, while Bob and Charlie share nFs pairs. During the protocol,
Alice transmits n(); qubits to Bob, and then Bob transmits nQs qubits to Charlie. See Figure 12. A detailed description of
the protocol is given below.

The coordination protocol works as follows. Alice applies the encoding map Er, —, an pz, on her share T4 of the entanglement
resources. This results in the output state

1 .
p547)z,M1T1/3 = (gTA—>A"M1 & ldT'B)(qlTAng) . (37)

She sends M; to Bob. Having received M, Bob uses it along with his share T T of the entanglement resources to encode
the systems B™ and Ms. To this end, he uses the map F My T} Ty —B" M, hence

2 . . 1
Pt gty = (idar ® Faryry o par, @ idre) (042 4, 7, © Orgre) (38)

Bob sends M, to Charlie, who applies the encoding channel Dy, 7, c~. This results in the final joint state,
parpren = (idanpr @ Dapre—cn) (pf’)lB"MzTc) ' %9

The objective is that the final state panpgncn is arbitrarily close to the desired state W%gc-
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Fig. 13: Coordination capacity region in two examples.

Definition 4. A rate tuple (Q1,Q2, F1, E3) is achievable, if for every £, > 0 and sufficiently large n, there exists a
(27(@149) 9n(Q2+8) gn(E1+d) on(E2+9) ) coordination code satisfying
|PanBron —wipell, <e (40)

The coordination capacity region with respect to the state w4 p¢ is defined as the closure of the set of all achievable rate tuples.
We denote the coordination capacity region of the quantum cascade network, with quantum links and rate-limited entanglement,

by QCascade(w)-
Remark 4. Coordination in the cascade network can also be represented as as a resource inequality [39]

Q1lq — qlasp + Erlgqlas + Q2(q — qlp—c + E2[qq]Bc > (wasc) 41)
where the resource units [¢ — ¢, [¢q], and {(wapc) represent a single use of a noiseless qubit channel, an EPR pair, and the
desired state w4 pc, respectively.

The optimal coordination rates for the cascade network are established below.

Theorem 6. Let |wrapc) be a purification of wapc. The coordination capacity region for the cascade network described in
Figure 12 is given by the set

(Q17E17Q27E2) : Ql 2 %I(BC;R)W7
_ Ql + El 2 H<Bc)w )
QCascade(w) = QZ > %I(C, RA)w , 42)
QZ + E2 Z H(C)w

The proof for Theorem 6 is provided in Section IX.
Corollary 7. For a pure state |wapc), The coordination capacity region for the cascade network is given by the set

(Q1>E17Q27E2) : Q1+E1 > H(Bc)wv
QCascade(w) = Q2 > %I(C, A)w s . (43)
QQ + E2 2 H(C)w

The examples below demonstrate that coordination of entanglement and coordination of separable correlations behave
differently.

Example 1 (Mixture). Let H 4, Hp, and Hc be Hilbert spaces of dimension 3, i.e., qutrits. Consider the simulation of a mixed
state,

1
wABC = ¢ (1012)012| 4 1021)(021| + |102)(102] 4 [120)(120| + |201)(201| + |210)(210|) (44)
The example is analogous to [40, Example 3]. The state above is thus purified by

lwapcr) = é( |012) @ |0) + [021) ® |1) + [102) ® |2) + |120) ® |3) + |201) ® |4) + [210) ® |5>) (45)



where {]¢)}i=o,... 5. forms an orthonormal basis for the reference system R. In this case, the coordination capacity region is
given by

(Q1, E1,Q2, E2) : Q1 > 1.7925,
Or+E, > 2.5850,
QCascade(w) = ! Q; > 129257 (46)

Q2+ By > 1.5850.

The coordination capacity region Qcyscade(w) is illustrated in Figure 13 (a), where the blue region shows the tradeoff between
Alice’s rates, ()1 and F7, and the green region is associated with Bob’s rates, ()2 and Es.

Suppose that E; = F». As can be seen in the figure, Alice is required to send qubits to Bob at a higher rate than Bob to
Charlie. This is intuitive since Alice encodes information for both Bob and Charlie, whereas Bob is only encoding Charlie’s
information.

Example 2 (Entanglement). Consider the simulation of a pure tripartite entangled state,

[Yapc) = % (|012) + |021) + |102) + |120) + |201) + |210)) 47)

According to Corollary 7, |14 Bc>®" can be simulated if and only if the rate tuple (@1, E1, Q2, E2) belongs to the following
set,

(Q1,E1,Q2,E2): Q1+ E; >1.5850,

QCascade(d)) = Qg Z 079257
Q2+ E» > 1.5850.

The coordination capacity region Qcascade(?) is illustrated in Figure 13 (b). As before, the blue region shows the tradeoff
between Alice’s rates, ()1 and F1, and the green region is associated with Bob’s rates, ()2 and Fs.

Suppose that £y = Es. Here, as opposed to Example 1, Alice is required to send qubits to Bob at a rate that is lower
than Bob to Charlie. This occurs because of the “knowing less than nothing” phenomenon [41]. That is, in the presence of
entanglement, a subsystem can have a larger entropy compared to the joint system. The behavior in each example is completely
different.

B. Broadcast network

Consider the broadcast network in Figure 14. This network, can be useful in analyzing refereed games and the required
resources for achieving certain performances as described in section V. As before, we simplify the notation ; ; from the
Introduction section, and write @)1 = Q1,2 and Q2 = Q1 3, for convenience. Consider a classical-quantum state,

WXYABC = Z ZPXY(%?J) [z, yX, ylxy ® ‘Ufféyc)xa%ﬁ’yé
zeEX yey

(48)

corresponding to a given ensemble of states {pr, ‘af&‘%>} in AHa®@Hp @ He).

Alice, Bob, and Charlie would like to simulate wxy 4 pc. Before communication takes place, the classical sequences X" and
Y™ are drawn from a common source p?}"{,. The sequence X" is given to Bob, while Y™ is given to Charlie (see Figure 14).

Initially, Alice encodes her output A", along with two quantum descriptions, M; and M. She then transmits M; and Mo,
to Bob and Charlie, respectively, at limited qubit transmission rates, (1 and ()>. As Bob receives the quantum description
M, he uses it together with the classical sequence X" to encode the output B™. Similarly, Charlie receives M5 and Y™, and
encodes his output C™.

Definition 5. A (27?1 2"z n) coordination code for the broadcast network with side information described in Figure 14,
consists of two Hilbert spaces, Hjs, and H,z,, of dimensions

dim(Hny,) = 2" for j € {1,2} , (49)
and three encoding maps,
Eansananig,  AHG™) = AHE™ @ Har, @ Hary), (50)
Fxnaty—pn : X" @ AHar,) = AHG"), (5D
and
Dynarysen : V" @ A(Ha,) = A(HE™). (52)

corresponding to Alice, Bob, and Charlie, respectively. In the course of the protocol, Alice transmits n(); qubits to Bob and
n@2 qubits to Charlie, as illustrated in Figure 14.



xn

My

P —— Bob
(nQ1 qubits)
B’n,
A" yn
M, ,
, : Charlie
(nQ2 qubits)
O’IL

Fig. 14: Broadcast network.

Remark 5. In the quantum world, broadcasting a quantum state among multiple receivers is impossible by the no-cloning
theorem. However, in the broadcast network in Figure 14, Alice sends two different “quantum messages” M; and Ms to Bob
and Charlie, respectively. Roughly speaking, Alice is broadcasting correlation. Since Alice prepares both quantum descriptions,
My and M, she can create correlation and generate tripartite entanglement between her, Bob, and Charlie.

The coordination protocol is described below. Alice applies her encoding map and prepares

P aring, = Eansananan, (W), (53)

She sends M; and M5 to Bob and Charlie, respectively. Once Bob receives M; and the classical assistance, X", he applies
his encoding map Fxn s, —pn». Similarly, Charlie receives My and Y™, and applies Dy~ pz,—scn. Their encoding operations
result in the following extended state:

PxXnynAnBnCn = Z Z p?@’fz(xn,yn) 2", y" Xz™, 4" | xnyn @
TrEXT yreEYT

. 1

(idan @ Fxnar,—Br © Dynar,—com) (|$n,yn><$nayn|)’(nf/n ® P;ZMIMJ » (54
where X™Y™ are classical registers that store a copy of the (classical) sequences X™Y ", respectively. The goal is to encode
such that the final state pxnynanpgncn is arbitrarily close to the desired state w?y{, ABC-
Definition 6. A rate pair (Q1,Q2) is achievable, if for every ¢,6 > 0 and sufficiently large n, there exists a
(27(@1+9) 9n(Q249) 'n) coordination code satisfying

||ﬁX'n.Y'n.AanC7L — w;eéT)L/ABCHl S €. (55)

The coordination capacity region of the broadcast network, Qpc(w), with respect to the state wxy apc, is the closure of the
set of all achievable rate pairs.

Remark 6. Notice that Alice has no access to X™ nor Y. Therefore, coordination can only be achieved for states wxy apc
such that there is no correlation between A and XY, on their own. That is, the reduced state wxy 4 must have a product form,

WXYA = WXy QWA . (56)

Since Alice does not share prior correlation with Bob and Charlie’s resources X™ and Y™, standard techniques, such as
state redistribution [12] and quantum source coding with side information [36], are not suitable for our purposes. Instead, we
introduce a quantum version of binning.

The optimal coordination rates for the broadcast network are established below.
Theorem 8. The coordination capacity region for the broadcast network described in Figure 14 is given by the set
_J (@1,Q2) €R*: Q1 > H(B|X).,
Opc(w) = { Q2 > H(C|Y), . (57)

The proof for Theorem 8 is provided in Section X. The implications of this result on quantum nonlocal games are discussed
in Section V.
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Fig. 15: Multiple access network.

C. Multiple access network

Consider the multiple-access network in Figure 15. Alice, Bob, and Charlie would like to simulate a pure state |w4 BC>®",
where |wapc) € Ha @ Hp @ He. We simplify the notation and write Q1 = Q1,3 and Q2 = Q2 3. At first, Alice prepares the
state of the quantum systems A™ and M7, and Bob prepares the states of the quantum systems B™ and M. Alice and Bob
send M; and M5 to Charlie. Charlie then uses M; and Ms to encode the system C™. As in the previous settings, M; and
M are referred to as quantum descriptions, which are limited to the qubit transmission rates, ()1 and )2, respectively.

Definition 7. A (2%,2% n) coordination code for the multiple-access network described in Figure 15, consists of two Hilbert
spaces, H s, and Hyy,, of dimensions

dim(H ;) = 2% for j € {1,2} , (58)
and three encoding maps,
Eanyannn,  AHTY) = AHS @ Har ), (59)
Fpnospran, - AHE") = AMHE" © Ha,) (60)
and
Doy vo—scn » A Han, @ Hary) — AHE™), (61)

corresponding Alice, Bob, and Charlie, respectively.
In the multiple-access network, Alice sends n(@); qubits to Charlie, while Bob sends n()2 qubits to Charlie. Specifically,
Alice and Bob apply the encoding maps, preparing p A{Z  ®© p(BQZ, M, Where

(1)

— Xn (2)
pAn]y[l - gA"A)A”’Ml (wA )

» P, = FBnoBnM, (W%m) (62)

As Charlie receives M; and Ms, he applies his encoding map, which yields the final state,

panpnon = (idanpn ® Dasaty o) (050 ar, © Pl g,) (63)

The ultimate goal of the coordination protocol is that the final state of pan gncn, is arbitrarily close to the desired state w3 .

Remark 7. Notice that since Charlie only acts on M; and M, which are encoded separately without coordination, we have
Panpn = pfj,)z ® pgl. Therefore, it is only possible to simulate states wapc such that wap = wa ®wp. Since all purifications
are isometrically equivalent [38, Theorem 5.1.1] there exists an isometry Vc_, ¢, ¢, such that

(1® Vese,e,)lwase) = [dac,) ® [XBe,) (64)

where |¢ac,) and |xpc,) are purifications of wy and wp, respectively. If wapc cannot be decomposed as in (64), then
coordination is impossible in the multiple-access network.

Definition 8. A rate pair (Q1,Q2) is achievable, if for every £, > 0 and a sufficiently large n, there exists a
(27(Q149) 9n(@249) 'n) coordination code satisfying

[ (©5)



The coordination capacity region of the multiple access network, Omac(w), with respect to the state wapc, is the closure of
the set of all achievable rate pairs.

Remark 8. The resource inequality for coordination in the multiple-access network is

Q1lg = qlasc + Q2lq — gl = (wasc) (66)
(see resource definitions in Remark 4).
The optimal coordination rates for the multiple-access network are provided below.

Theorem 9. Let |wapc) be a pure state as in (64). The coordination capacity region for the multiple access network described
in Figure 15 is given by the set

_ [ Q@) eR?: Q1 = H(A),
QMAC(“)_{ o Q: = H(B), } ©n

The proof for Theorem 9 is provided in Section XI.

V. NONLOCAL GAMES

The broadcast network model presented in Figure 14 represents refereed games that have a quantum advantage. Such games
are often referred to as nonlocal games [42]. The quantum advantage can be attributed to the quantum coordination between
the users, before the beginning of the game.

First, we discuss the single-shot cooperative game, and then move on to sequential games with an asymptotic payoff. Consider
Figure 14. Here, we assume that B and C' are classical, while A is void. Here, Alice is a coordinator that generates correlation
between the players, Bob and Charlie. In the sequential game, we denote the number of rounds by n.

Single shot game: The game involves a single round, hence n = 1. A referee provides two queries X and Y, drawn
at random, one for Bob and the other for Charlie, respectively. The players, Bob and Charlie, provide responses, B and C,
respectively. The players win the game (together) if the tuple (X,Y, B, C) satisfies a particular condition, 7. A well known
example is the CHSH game [43], where X,Y, B,C € {0,1}, and the winning condition is

XANY=BaC. (68)

Using classical correlations, the game can be won with probability of at most 0.75.
If the players, Bob and Charlie, share a bipartite state pps, az,, then they can generate a quantum correlation,

Ppeixy(b.cley) = Tr [ (B @ D) pavyan,| (69)

by performing local measurements {Fb(x)} and {D&”}, respectively. Such correlations can improve the players’ performance.
In particular, in the CHSH game, if the coordinator, Alice, provides the players with an EPR pair,
1
| asy 1) 7
then their chance of winning improves to cos? (%) ~ 0.8535. As Alice sends one qubit to each player, (Q1,Q2) = (1,1) is
optimal.

In pseudo-telepathy games, quantum strategies guarantee winning with probability 1. One example is the magic square game
[44], where (X,Y") are the coordinates of a cell in the square, and the players win the game if they can provide 3 bits each
that satisfy a parity condition. In this case, the game can be won with Q1 = Q2 = 2 qubits for each player. Slofstra and Vidick
[45] presented a game where coordination of a correlation that could win with probability (1 — e~7) requires Q; o< T qubits
for each user.

Sequential game: In the sequential version, the players repeat the game n times, and they can thus use a coordination
code in order to play the game. In particular, Alice generates the entire correlation between the players a priori, before the
sequential game begins. As the figure of merit, one may either consider the average chance of winning, or say, the minimal
probability of winning. Let .#(7y) denote the set of correlations Pgc|xy that win the game with probability . Based on our
results, each iteration of the game can be won with probability v if and only if Alice can send qubits to Bob and Charlie at
rates ()1 and ()2 that satisfy the constraints in Theorem 8 with respect to some correlation Ppojxy € & ().

(100) + [11)) (70)

VI. TWO NODE ANALYSIS (CLASSICAL LINKS)
Consider the two node network in Figure 9. Our proof for Theorem 1 is based on quantum resolvability [33-35].

Theorem 10 (see [33-35]). Consider an ensemble, {px, p% }zcx, and a random codebook that consists of 277 independent
sequence, X" (m), m € [2"F], each is iid. ~ px. If R > [(X; A),, then for every 6 > 0 and sufficiently large n,

21LR

1 " (m
E||Ih5" — gm > pan | | <6 (71)

m=1 1

where p%; = ®Z=1 p’, and the expectation is over all realizations of the random codebook.



A. Achievability proof

Assume (Ry, Ry) is in the interior of R pode(w). We need to construct a code that consists of an encoding channel
F(mq|z™,mo) and a c-q decoding channel Dy, pr, - 5n, such that the error requirement in (19) holds.
By the definition of .% poge(w), there exists a c-q state

oUxB = ZPU (u) [u)ul, ® ok p (72)
ueU
such that
ok =Y pxju (@lu) [z)z]y @ 0%, ueld (73)
reX
OXB =WXB, (74)
Ry >1(X;U), ,Ro+ R >1(XB;U), . (75)

Classical codebook generation: Select a random codebook & = {u"(mg, m;)} by drawing 2"(Fo+F1) jid. sequences
according to the distribution p}y (u™) = [],_, pu (ux). Reveal the codebook to Alice and Bob.
Let (mg,m;) be a pair of random indices, uniformly distributed over [2"7°] x [2"f1], Define the following PMF

~ 1
PX"’MoMl (xyl,m()’ml) = mp?{lrj (.r”|u” (m07m1)) . (76)

Encoder: We define the encoding channel F' as the conditional distribution above, i.e., F' = Jng‘ X7 Mo-

Decoder: As Bob receives m; from Alice, and the random element my, he prepares the output state Dy, ar, — 5n (Mo, m1) =
u™ (mo,m1)
eB‘n’ ’ . . .y
Error analysis: Let § > 0. The encoder sends m; ~ F(-|z™, mg). Given My = my, by the classical resolvability theorem,

Cuff [26] has shown that R, > I (X;U)_ guarantees
E HﬁMoxn — Py X p;;H1 <5 77)

for sufficiently large n, where f’MO xn 18 as in (76). Recall that ﬁMO xn 18 random, since the codebook % is random. Hence,
the expectation is over all realizations of 4. The resulting state is

~ 1 n o(,.n n\/,..n D n u™ (mo,m
PX"Br = ooqy Z (pX(x ) 2" X" x0n ® Z Pup,y | xn g (i |z ',mo)egn( ’ 1)) (78)

mo,x"” mq€[2n 1]
According to (77), the probability distributions ]5M07 x~ and ppy, X p’ are close on average. Then, let

Txnpn = Z Pugoxcn (moz™) [2" )z | o © Z JSMl\XnMO(mﬂfn,mo)t‘);n(mo’ml)- (79)

mo,z™ m1€[2nR1]

By (77), it follows that

E||Txrpr — pxnpn|; < 6. (80)
Observe that
Txnpn = Z Prrgar,xn (mo, ma, a™) [2"Na™| ® g, (mo-m)
mo,mi,r™
1 n
= iy Do PRl |u" (mo,my) " a" |y @ gL (mosma)
mo,mi,r™
1 u™ (mo,m1)
= on(Ro+Rr) Oxnpn (81)
mo,m1

where the second equality is due to the definition of Pin (76), and the last line follows from (73).
Thus, according to the quantum resolvability theorem, Theorem 10, when applied to the joint system X B, for Ry + Ry >
I(XB;U),, we have

EHO’?% - ?Xan 1 S 1) (82)

for sufficiently large n. Therefore, by the triangle inequality,

|, + El[Txnpr — pxnpnll
<26 (83)

by (74), (80) and (82). O

E|lw§ — o [, < E[w — Fxopn



B. Converse proof

Let (Ro, R1) be an achievable rate pair. Then, there exists a sequence (2"f0 271 p) of coordination codes such that the
joint quantum state pxn»pn satisfies

e ool < 2o e
where ¢,, tends to zero as n — oo.
Fix an index ¢ € {1,...,n}. By trace monotonicity [38], taking the partial trace over X, B;, j # 4, maintains the inequality.
Thus,
lwxs — Px;Billy < €n- (85)
Then, by the AFW inequality [46],
‘H (X"B"), —nH (XB)w‘ < B, (86)
and
‘H (X,B;), — H (XB)w‘ < By, (87)

for i € [n], where (3,, tends to zero as n — co. Therefore,
H(X"B"),—> H(X;B;);

i=1

< ‘H (X"B"), —nH (XB)w‘ +

nH (XB), — Zn: o (XiBi)ﬁ'

i=1

< ‘H(X"B")ﬁ— nH (XB)W‘ + i ‘H(XB)W — H (X;B)
i=1

P
< 2nf,. (88)
Now, we have
n(Ro + Ry) > H(MyM,) (89)
> I(X"B"; MyM)5 (90)

since the conditional entropy is nonnegative for classical and c-q states, and the CR element M is statistically independent
of the source X™. Furthermore, by entropy sub-additivity [38],
I(X"B"™ MoMy); > H(X"B");— > H(X;B;|MoMy);
i=1
> " I(X;Bjs; MoMy); — 2nf, 1)
i=1

where the last inequality follows from (88). Defining a time-sharing variable I ~ Unif[n], this can be written as

Ro+ Ry + 28, > I(X1Br; MoMi|I); 92)
with respect to the extended state:
1 n
PIMoM X1 By = ; |0l @ Patony X B; - (93)

Observe that by (85) and the triangle inequality,

lwxB — Px;Blly =

1
=1 1
<eén. 94
Thus, by the AFW inequality,

< Yns 95)



where 7, tends to zero. Together with (92), it follows that
Ro + Ry + 2By, + v > I(XBr; Mo M 1); (96)
By similar arguments,
Ry + 2B, + v > I(X1; Mo M1 1) o7

To complete the converse proof, we identify U, X, and B with (My, M1,I), X, and By, respectively. Observe that given
(mg, m1,1), the joint state of X and By is (inex DX, | Mo M, (Ti]Mo, M) |372><z2|X1) ®pg?°’ml), where pxn|ag o, is the a
posteriori probability distribution. Thus, there X and B are uncorrelated when conditioned on U, as required.

The bound on || follows by applying the Caratheodory theorem to the real-valued parameteric representation of density

matrices, as in [47, App. B]. O

VII. NO-COMMUNICATION ANALYSIS

Consider the no-communication network in Figure 10, of a quantum state w4 pc. To prove Theorem 4, we use similar tools.
The achievability proof is straightforward, and it is thus omitted.

Then, consider the converse part. Assume that R is achievable. Therefore, there exists a sequence of (270, n) of coordination
codes such that for sufficiently large values of n,

|ParBron —wipcll, < éen, (98)
where ,, — 0 as n — oo.
Applying the chain rule,
> I(A"B"C"; My); (100)
=Y I(A;B,Cy; Mo| A ' B 1C )5 (101)

=1

For every i € [n], by trace monotonicity [38],

|wSsc — Paipici|l, < en- (102)

Then, by the AFW inequality [46] [38, Ex. 11.10.2],

[I(A;BiCy; A B0 )5 — I(ABiCi; A B O ) e | < B, (103)
where (3,, tends to zero as n — oco. That is,
I(A;B;Cy;; A1 BN ;5 < B, (104)
since A;B;C; and (A;B;C}),<; are in a product state w ® w®®*=1) Hence, by (101),
n ) ) )
TLRO Z Z I(AlBlCZ, MQAZ_lBZ_lcz_l)ﬁ — ’I’Lﬁn
i=1
> " I(AiBiCi; Mo); — nfn
i=1
>n ( inf I(U; ABC), — 2,8n> (105)
ocvaBcESNc (w)
taking U = M, as the encoders are uncorrelated given M. O

VIII. BROADCAST ANALYSIS (CLASSICAL LINKS)

Consider coordination in broadcast network, as in Figure 11 in the main text, of a classical-quantum-quantum state wx ¢
To prove the capacity theorem, Theorem 5, we use similar tools as in Section VI.



A. Achievability proof

Assume (Rg, Rp) is in the interior of Rpc(w). We need to construct a code that consists of an encoding channel
F(mq|z™,mo) and a two c-q decoding channels Dy, as, —p» and Dy, ar, —cm,such that

1
| g X X sk ©

mo€[2nRo] zmEX™

Z F(ma|z", mo) Dty v, — Br (M1, mo) @ Dagy s, —cm (M, mo)H1 <e. (106)

mlE[Zan]
According to the definition of .#gc(w) (see Subsection III-C), there exists a c-q state o xypc that can be written as
oxvpe = Y, pxu@u) ey @ uful, © 0% @0 (107)
(z,u)eX XU

and satisfy

0OXBC = WXBC (108)

We will also consider conditioning on U = u, and denote

okpo =Y pxju(alu) [x)z|y ©0f @ 0. (109)
reX
Classical codebook generation: Select a random codebook %c = {u”(mg, m1)} by drawing 2"(Fo+F1) jjd. sequences
according to the distribution pf;. Reveal the codebook.
Encoder: Define the encoding channel as F' = PM1| xn M, Where PXn M, M, be a joint distribution as in (76).
Decoders: As Bob and Charlie receive m; from Alice, and the random element mg, they prepare the following output
states,

D3 at, s (Mo, ) = 0 U0 (110)

D) i o (moyma) =10 "0 (111)

Error analysis: Let 6 > 0. The encoder sends mq ~ F(-|z™,mg). As in Subsection VI-A, given myg, if Ry > I (X;U),
then

E || Pagxn — oy x || <0 (112)

for sufficiently large n. As IBMO xn~ depends on the random codebook %pc, the expectation is over all realizations of égc. The
resulting state is

pPxnBnCn
1
= Sk > (PS?(D«“") RSP F(m1|$”»mo)DMoMﬁBn(mo,ml)®DMoMﬁcn(m07m1)>
moe[QnRO]l‘"EX" m1€[2nR1]
1 ~ u"™ (mo,m1 u"™ (mo,m1
= g O (PR@ 2" e © DD Pangceas, (mala,mo)d 0 @ o)) (113)
mo,z" mie[2ni]

According to (112), the probability distributions ﬁMO xn» and ppy, X p'y are close on average. Then, let
?XanCn = Z ﬁMOXTL (m0,$n> |$n><l‘n‘xn & Z f)jwl‘ngO(mﬂl'n,mo)e; (mo,m1) ®’I]g (mo,ma) . (114)
mo,r™ WL1€[2"R1]

Then, it follows that

E H?XanCn - ﬁXanCn Hl g 5, (115)
by (112). Observe that
?XanCn = Z ]SMngxn (m07m1’ x") ‘.’I; >< 77/|X” ® 9 (mO ml) ® (mO ml)
mo,mi,x™
1 77 e T m m U mo,m
= s 2 Pho(@lu (me,m) 2" )a" ., @ 05 0 @t (o)
mo,m1,T"

_ u™ (mo,m1)
= Ty DL TXxnmeen (116)

mo,m1



where the second equality is due to the definition of P in (76), and the last line follows from (109).
Thus, according to the quantum resolvability theorem 10, when applied to the joint system X BC, we have

ElloShncn — Txnpronl|l, <6 (117)

for sufficiently large n. Therefore, by the triangle inequality,

EHW?}%C - b\XanCn 1 + ]E”?XanCn - ﬁX”B"C””l
<29 (118)

by (108), (115) and (117). O

1 S EHw;eé%nCn - ?X"B"C”

B. Converse proof
Let (Ro, R1) be an achievable coordination rate pair for the simulation of a c-q-q state wx p¢ in the broadcast setting. Then,
there exists a sequence of (270,271 n) coordination codes such that the joint quantum state pxn»pgncn satisfies
|w§hncn — Pxepnen|l, < e, (119)

where ¢,, tends to zero as n — oo. Fix an index ¢ € {1,...,n}. By trace monotonicity [38], taking the partial trace over X;,
B;, Cj, for j # i, maintains the inequality, thus Thus,

lwxBe — PxBcilly < €n- (120)
Then, by the AFW inequality [46],
‘H (X"B"C"), —nH (XBO)N‘ < 1B, (121)
and
‘H (X,BiCi), — H (XBC)N‘ < B, (122)

for i € [n], where (3,, tends to zero as n — co. Therefore,

|H (X"B"C™),— Z H (X;BiCi)5| < 2nf,. (123)
=1
Now, we also have
n(Ro+ R1) > H(IJ)
> I[(X"B"C"; 1), (124)

since the conditional entropy is nonnegative for classical and c-q-q states, and the CR element J is statistically independent
of the source X™. Furthermore, by entropy sub-additivity [38],

n

I(X"B"C"; MyMi); > H(X"B"C"); — > H(X;B;Ci|MoM,);

i=1
n
> Y " I(XBiCi; MoMy); — 2nB,, (125)
i=1
where the last inequality follows from (123).
Defining a time-sharing variable I ~ Unif[n], this can be written as
R0+R1+2ﬁn ZI(X]B[C],MQM1|I)§ (126)
with respect to the extended state
" L= i o
PIMoM X BiCr = Zl |1 © Paonnyx By, - (127)

Observe that

1.
wxpe = =) px.pc.| <en (128)

i=1

lwxse — Px; B0l =

1



by the triangle inequality (see (120)). Thus, by the AFW inequality,

< Vs (129)
where 7, tends to zero as n — co. Together with (125), it implies

Ro+ Ry + 28, +vn > I(X1BrCr; Mo My 1) 5. (130)

By similar arguments,
Ry + 26, +vn > I(X1; MoMy) . (131)

To complete the converse proof, we identify U, X, and BC with (M, My,I), X1, and B;C/, respectively. Observe that
given (mg,my, 1), the joint state of Xy, By and C7 is

( > P o, (ilmo, ma) Ixi><wilx,> @ plgo™) @ pure (132)
x, €EX

where pxn|n,ar, 18 the a posteriori probability distribution. Thus, there is no correlation between X, BB, and C when conditioned
on U, as required. O

IX. CASCADE NETWORK ANALYSIS (QUANTUM LINKS)

We prove the rate characterization in Theorem 6. Consider the cascade network in Figure 12.

A. Achievability proof

The proof for the direct part exploits the state redistribution result by Yard and Devetak in [12]. We first describe the state
redistribution problem. Consider two parties, Alice and Bob. Let their systems be described by the joint state ¥4 g, where A
and B belong to Alice, and G belongs to Bob. Let the state |1)4pcr) be a purification of 1) 4pg. Alice and Bob would like
to redistribute the state 1 4pg such that B is transferred from Alice to Bob. Alice can send quantum description systems at
rate () and they share maximally entangled pairs of qubits at a rate F.

Theorem 11 (State Redistribution [12]). The optimal rates for state redistribution of |[t)4cpr) with rate-limited entanglement
are

Q> %I(B;R|G)w, (133)
Q+E> H(B|G)y. (134)

We go back to the coordination setting for the cascade network (see Figure 12). Alice, Bob, and Charlie would like to
simulate the joint state w&p . Let |wapor) be a purification. Suppose that Alice prepares the desired state |wpaz)""
locally in her lab, where B™, C™, and R™ are her ancillas. Let € > 0 be arbitrarily small. By the state redistribution theorem,
Theorem 11, Alice can transmit B”C™ to Bob at communication rate (21 and entanglement rate F;, provided that

1 - = 1

Qi = SI(BC; )y = S1(BC: R).., (135)
Qi+ E, > H(BC),, = H(BC), (136)

(see [12]). That is, there exist a bipartite state W, 7, and encoding maps, Eg) Cn Ty M, and ]:J(\ZT,’B—> B dn’ such that

1) n
HTRnAangn - W%ABCH1 <e, (137)
for sufficiently large n, where
1) — liq- 1) 1) : &n

TRnAnBn@n idgnan @ fMng—>B"5" © (EBHC‘HTA—>M1 ® ldTéﬂ (WRABC ® \I]TATJ'B) : (138)

Similarly, C™ can be compressed and transmitted with rates

Qs > 51(0; AR), = %I(O; AR), , (139)
Q2+ Ey > H(C), = H(C).,, (140)



by Theorem 11. Namely, there exists a bipartite state 7y 7., and encoding maps, J, ) and ngzf)zTc _,cm-» such that

CnTg*)Mz
(2) ®n
‘ TRrAnBnom WRABcHl < (141)
where
) _(iq- _ (2) (2 ; n
TRnAancn - |:(1dR"A"B" ®IDM2TC~>C") o (‘FCVTLTJ/B/_>A/I2 ® lch)] (w?%ABC' & GTETC) . (142)
The coding operations for the cascade network are described below.
Encoding:
A) Alice prepares |w4pap)S" locally. She applies id zn 4n ® & gj cna—s,» @nd sends M, to Bob.
B) As Bob receives M, he applies
Fatrr g, = (id " @ FO ) o FU N (143)
M TpTp =B My = BB CnTY—Ms My T4 —BnCn

C) Charlie receives M, from Bob and applies DJ(é)ZTC ~On-

Error analysis: We trace out the reference system R and write the analysis with respect to the reduced states. The joint
state after Alice’s encoding is

1) — | ) : ®n
PananTy = [ldA” ® Epncnrynr, @11y | (Wipe @ Yrary) - (144)

After Bob applies his encoder, this results in

(2) _|(; (2) : : (1) : (1)
PAnBn MyTo = [(ldA"B" ® fé"Tg%Mg ® 1ch) ° (ldA" ® ]:JWlTJ’gHB’"én ® ldTg TC):| (pAanT}/B Y ®T1’3’ Tc)
. 2 . 1
- (ldAan ® féjTgﬁMz ® lch) () e @ Ory 1) (145)

by (143), and based on the definition of 71 in (138). According to (137), 7(1) and w®" are close in trace distance. By trace
monotonicity under quantum channels, we have

2 s 2 .
HPE‘V)LB" MoTe — (ldA"B'" ® fé*’)TgﬁMz ® ldTC) (wfgé & @T’é Tc)

‘ <e. (146)
1

As Charlie receives M, and encodes, the final state, at the output of the cascade network, is given by

~ . 2 2
Banpngn = {1@1 Angn © DMTC%CJ P2 pnsyrs) - (147)

Once more, by trace monotonicity,

<e. (148)
1

HA _ @
pAanCn TA“ BnCn
(see (141) and (142)). Thus, using (141), (148), and the triangle inequality, we have

~ ®n (2) ®n -~ (2)
||pA"B"C" - wABCHl = HTA"B“C" —WaBC L t||pAnBrCn = Tpnpgnon

1
< 2. (149)

This completes the achievability proof for the cascade network.

B. Converse proof

We now prove the converse part for Theorem 6. Recall that in the cascade network, each party shares entanglement with
their nearest neighbor a priori, i.e., Alice and Bob share |\IIT AT/B>’ while Bob and Charlie share |9Tch> (see Figure 12 in
subsection IV-A). Alice applies an encoding map £ znp, , anpz, ON her part, and sends the output M; to Bob. As Bob receives
M, he encodes using a map Fus, 71,1787 M,, and sends M. As Charlie receives Mo, he applies an encoding channel
D, 1.—cn. Suppose that Alice prepares the state |wp 3 B@>®" locally, and then encodes as explained above. The protocol
can be described through the following relations:

1 . . n
szr)LAan T, = (idrn ® Edngyann, ®idry ) (Wi @ Ur,1r ), (150)
2 . . 1
pg’%)LA"B"szTC = (idgnan ® Far 141y B0 M, @ lch)(ng)zAanTé ® Ory 1), (151)

~ . 2
PRPARBrCn = (ldR”A"B" ® DMzTc—>C"L) (pg%”)LA"B” MZTC) . (152)



Fig. 16: At first, we treat the encoding operation of Bob and Charlie as a black box.

Let (Q1,Q2, E1, Es) be achievable rate tuple for coordination in the cascade network. Then, there exists a sequence of
codes such that

||ﬁRnAanc" - W%ZBCHl <én (153)

where ¢, — 0 as n — oo. Consider Alice’s communication and entanglement rates, (J; and E;. At this point, we may view the
entire encoding operation of Bob and Charlie as a black box whose input and output are (M;,Ty) and (B™, C™), respectively,
as illustrated in Figure 16. Now,

2n(Q1 + E1) = 2 [log dim(Has, ) + log dim(H7y )]

ZI(MlTIB;Aan)p(l) (154)
since the quantum mutual information satisfies I(A; B), < 2logdim(#4) in general. Therefore, by the data processing
inequality,

I(MTy; A"R") o) >I(B"C"; A"R");
EI(BnCn7 Aan)w(@n — nay,
= n[I(BC; AR), — an], (155)
where «,, — 0 when n — oo. The second inequality follows from (153) and the Alicki-Fannes-Winter (AFW) inequality

[46] (entropy continuity). Since |wrapc) is pure, we have I(BC; AR),, = 2H(BC),, [38, Th. 11.2.1]. Therefore, combining
(154)-(155), we have

1
Q1+E1 EH(BC)M_ian (156)

To show the bound on (1, observe that a lower bound on the communication rate with unlimited entanglement resources
also holds with limited resources. Therefore, the bound @1 > %I (BC; R),, follows from the entanglement-assisted capacity
theorem due to Bennett et al. [25]. It is easier to see this through resource inequalities, following the arguments in [27]. If the
entanglement resources are unlimited, then the coordination code achieves

Q1l¢ = glasBe > (WrBC)
(Tra : wrABC)

1
S 1(BC; R)w g = dlasne (157)

Y

where the resource units [¢ — ¢, [gq], and (wapc) represent a single use of a noiseless qubit channel, an EPR pair, and
the desired state w4pc, respectively, while the unit resource (Na_,p : p) indicates a simulation of the channel output from
Na_, g with respect to the input state p. The last inequality holds by [25, 27].

Similarly, we bound Bob’s communication and entanglement rates as follows,

2n(Q2 + E2) = 2 [log dim(H s, ) + log dim(Hry)] (158)
>I(MyTe; A"B"R™) ) (159)
>I(C™; A"B"R"T})» (160)
>n[I(C; ABR)y, — fn] (161)

=n[2H(C)w — Bn] (162)



where 3, — 0 when n — co. As before, the last inequality follows from (153) and the AFW inequality [46]. Hence,

Q2+ Ey > H(C),, **5n- (163)
Furthermore,

Q2[q¢ = dlB—c > (Wrac)

(Trp : wraBC)

1
2 51O AR)w lg = dl—c (164)

which implies Q2 > $1(C; AR).,.
This completes the proof of Theorem 6 for the cascade network.

X. BROADCAST ANALYSIS (QUANTUM LINKS)

We prove the rate characterization in Theorem 8. Consider the broadcast network in Figure 14. We show achievability by
using a quantum version of the binning technique.
Let €;,6 > 0 be arbitrarily small. Define the average states,

0%t =3 pyixylr)o§ (165)
yey

oW = prw (zly)oz? (166)
reX

and consider a spectral decomposition of the reduced states of Bob and Charlie,

= ZPZ\X(Z|x) |wx,z><wz,z| ) (167)
Z2€EZ

o = 3" pwiy (wly) Sy )byl | (168)
weWw

where pz|x and pyy|y are conditional probability distributions, and {[tz )} -, {|#y,w) }w are orthonormal bases for Hp, Hc,
respectively, for every given x € X and y € ). We can also assume that the different bases are orthogonal to each other by
requiring that Bob and Charlie encode on a different Hilbert space for every value of (z,y).

We use the type class definitions and notations in [38, Chap. 14]. In particular, T’ 5X " denotes the d-typical set with respect
to px, and T(;Z 12" is the conditional d-typical set with respect to pxz, given =" € TgX "

Classical Codebook Generation: For every sequence z" € Z™, assign an index mj(z™), uniformly at random from

[27@1]. A bin B;(m1) is defined as the subset of sequences in Z™ that are assigned the same index m1, for m; € [2"@1].
The codebook is revealed to all parties.

Encoding:

A) Alice prepares w®?” - locally, where B”C™ are her ancillas, without any correlation with X” and Y™ (see Remark 6). She

ABC
applies the encoding channel &5 (1) o @ Eg,? LMy
1 n n
S (P = D PRN@Y) D (omanl pr fen ) [ (")) (7)) (169)
znexn z"EZ"
2) n n
gé’”’*)MQ Z p Z <¢yn’wn | P2 ‘¢y7l,w7l> |m2(w )><m2(w )l 5 (170)
yneyn w"EW”

for p1 € A(HS"), po € A(HE™), and transmits M7 and M, to Bob and Charlie, respectively.
B) First, Bob applies the following encoding channel,

onQ1

" 1
Fio pe(oan) = Y (mal par, i) - 3 [t n i 2 | (171)

Zn|xzm
n
Zm|en I’W‘Bl(ml)

2 €Ty

C) Charlie encodes in a similar manner.



Error analysis: Due to the code construction, it suffices to consider the individual errors of Bob and Charlie,

1 n n n

2 Hw%B B (]:X"MWX”B" OgggaMl) (@X" @ wip) ‘1 : (172)
1

2 H‘*’%C - (DY"MﬁY"C" ° 5gLM2) (¥ @wie)| (173)

respectively, where we use the short notation &£ )

— )
Br— M, = lanAn (9 Ex

and similarly for the other encoding maps.

Bno M’
We now focus on Bob’s error. Consider a given codebook ¢ = {ml(z”)i Alice encodes M; by
1 -
Eg) ar @SB = 37 pE") Y (W en | WE [ en) [ma (") )ma (M) (174)
iTLeXW/ Z’IleZ‘ll
where we use the short notation [¢) .. .. = @;_; [1),, ., By the weak law of large numbers, this state is £;-close in trace

distance to

P = S pTE) YD Wanan 0 L [ n) [ma (27 ma (=)

greTX" S
n(..n 1la™
= 3 P (175)
w"ET(an
for sufficiently large n, where we have defined
1 :L"VL :E’VL n n
pan = 0 (e e 05 R [ o) lma ()X (27)] (176)
Z"GT(?”‘IH
Let 2" € T5X ". After Bob encodes B™, we have
" 1™ z™ ™ n n
e (B50) = X Wananl 0 [ ) Fi 2, g (fma (7)) (=) a77)
—

By the definition of Bob’s encoding channel, }"J(\an} gn»> in (171),

Fii ) g (ma (2" Xoma (2™))) ! 3 [am 2N pan 5] - (178)

- Zn|zm™ n
‘Té m%I(THI(Z )) E“ET(;Zanﬁ%l(ml(zn))

Substituting in (177) yields

z" 1|z™ z™
-F1(\4ll>Bn (pE47|LM3) = Z <wx",z" | 0-1(471%77, W}ac",z">
Zn|an

2" €Ty

1
> g 2n Nthan 2 || - (179)

® Zn |z n
’Tg N By (my(z")) zneT?" 1" B 1 (ma (27))

Based on the classical result [48, Chapter 10.3], the random codebook %7 satisfies that

Py (32” e T2 1" ABy (my (27)) 1 " £ z”) < ey (180)

given 2" € T(SZ HWL, for sufficiently large n, provided that the codebook size is at least 2™(H(Z1X)+e3) where H (Z|X) denotes
the classical conditional entropy. As || = 2"?1, this holds if
Q1> H(Z|X) +e;3
=H(B|X)y +e¢3. (181)

Observe that if the summation set in (179), T(;Z 12" B (mq(2™)), consists of the sequence 2" alone, then the overall state in

(179) is identical to the post-measurement state after a typical subspace measurement on B, with respect to the conditional

d-typical set T5Z " Based on the gentle measurement lemma [49], this state is €4-close to affB), for sufficiently large n.
®n )

Therefore, by the triangle inequality and total expectation formula,
1
HWS?ZXB —Ee, (FX"MlﬂX”B" © g](é”zaMl) (W§" ©wih ‘1

n n " " 1 "
< Z p?} (") - Ee, U,(fn;n - (]'—z(\ZLB" Ogé’;gaMl) (Uz(f’"g‘")ul
(ETLEX”




<éep+extey. (182)

By symmetry, Charlie’s error tends to zero as well, provided that Q2 > H(C|Y),, + 5. Since the total error vanishes, when
averaged over the class of binning codebooks, it follows that there exists a deterministic codebook with the same property.
The achievability proof follows by taking n — oo and then €;,6 — 0.

The converse proof follows the lines of [12], and it is thus omitted. This completes the proof of Theorem 8 for the broadcast
network.

XI. MULTIPLE-ACCESS ANALYSIS (QUANTUM LINKS)

We prove the rate characterization in Theorem 9. Consider the multiple-access network in Figure 15. As explained in
Remark 7, coordination in the multiple-access network is only possible if there exists an isometry V : Ho — He, ® He,
such that

(]1 ® V) IWABC> = |¢AC1> ® |XBcz> (183)

where |¢ac, ) and |xpc,) are purifications of w4 and wp, respectively. For this reason, Theorem 9 assumes that this property
holds. Furthermore, since |¢ac,) and |xpc,) purify wa and wp, respectively, we have H(C1)y = H(A)y = H(A),, and
H(Cs)y = H(B)y = H(B).. Thus, it suffices to show that ()1, Q2) is achievable if and only if

Q1> H(Ch)g, (184)
Q2> H(Cy)y . (185)

The achievability proof follows from the Schumacher compression protocol [50] [38, chap. 18] in a straightforward manner.
Alice and Bob prepare (b%gl and X%gz’ respectively. Then, they send C7" and C3 using the Schumacher compression protocol,
and finally, Charlie applies the isometry (VT)®” in order to simulate wﬁ’gc (see (183)). The details are omitted.

It remains to show the converse part. Recall that in the multiple-access network, Alice and Bob each applies their respective
encoding map, Ean_,anp, and Fpn_spnpr,, and send the quantum descriptions M; and Ms. Then, Charlie encodes by
Dty My —cn

The protocol can be described through the following relations:

Pions, = Earsanar, WEM) P ag, = Fnonras (W5, (186)
panpnon = (idanpn ® Dag, ay—scom) (/)5417)7,1\41 ® ng,Mz). (187)

Let (Q1,Q2) be an achievable rate pair for coordination in the multiple-access network in Figure 15. Then, there exists a
sequence of (2"@1, 2792 n) coordination codes such that

[Par o —wipoll, < en (188)

tends to zero as n — oo. Applying the isometry V®" yields

|GanBrepep — 058, @ XBEll, <éns (189)
by (183), where
Ganpropey = (Lap @ V)" panpnen (Lap @ VO™, (190)
It thus follows that
[5an5 — 63, <=0 191)
and
[GBncy = X56, [, <en- (192)

Now, Alice’s communication rate is bounded by

(a)
2nQ1 > I(My; A" |M2) ,0) g2

b
¢ I(MiMa; A™) y) g o

©
> I(C"; A,
@ r(cpeys am,

©)
> I(CPCY; A™)y — na,



v 2nH(Ch)g — naw,

9 onH(A)., — nam, (193)
where (a) holds because M; is of dimension 2%, (b) since I(May; A") ,mgpe = 0, (c) follows from the data processing
inequality, (d) holds since the von Neumann entropy is isometrically invariant, (e) by the AFW inequality [46] , (f) since
the mutual information is calculated with respect to the product state |¢4c,)*" @ |xBc, )", and (g) holds since |¢pac,) is a
purification of w 4. The bound on Bob’s communication rate follows by symmetry. This completes the proof of Theorem 9. [

XII. SUMMARY AND DISCUSSION

We study coordination in three network models with classical communication links: 1) two-node network simulating a
c-q state, 2) no-communication network simulating a separable state, and 3) a broadcast network simulating a c-q-q state,
and consider coordination in additional three networks with quantum links: 1) a cascade network simulating quantum states
with limited communication and entanglement assistance, 2) a quantum linked broadcast network simulating a joint quantum
state with classical side information, and 3) a multiple-access network, generating entanglement between each sender and
the receiver. We observe that the network topology dictates the type of states that can be simulated. Our findings generalize
classical results from [26] and [40], and also quantum results from [8].

The results are relevant for various applications, where the network nodes could represent classical-quantum sensors [51],
computers performing a joint computation task [52, 53], or players in a nonlocal game [54, 55] as we illustrated in the broadcast
network with quantum links, in which we establishes the optimal rates required to achieve a certain quantum correlation to win
a game at a desired probability. This work can be viewed as a step forward in understanding coordination in a general network
that may comprise either classical or quantum resources. Another interesting direction for future work is the characterization
of network coordination in the one-shot regime.
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