Entanglement Coordination Rates in Multi-User
Networks

Hosen Nator and Uzi Pereg

Electrical and Computer Engineering and Helen Diller Quantum Center, Technion

Abstract—The optimal coordination rates are determined in
three primary settings of multi-user quantum networks, thus
characterizing the minimal resources for simulating a joint quan-
tum state among multiple parties. We study the following models:
(1) a cascade network with limited entanglement, (2) a broadcast
network, which consists of a single sender and two receivers,
(3) a multiple-access network with two senders and a single
receiver. We establish the necessary and sufficient conditions on
the asymptotically-achievable communication and entanglement
rates in each setting. At last, we show the implications of our
results on nonlocal games with quantum strategies.

I. INTRODUCTION

State distribution and coordination are important in quantum
communication [1], computation [2], and cryptography [3].
The quantum coordination problem can be described as fol-
lows. Consider a network that consists of N nodes, where
Node 4 can perform an encoding operation £ on a quantum
system A;, and its state should be in a certain correlation with
the rest of the network nodes. The objective is to simulate
a specific joint state w4, 4,,....a,. Node i can send qubits to
node j via a quantum channel at a limited rate @; ;. The nodes
may also share limited entanglement resources, prior to their
communication. The optimal performance is characterized by
the quantum communication rates (); ; that are necessary and
sufficient for simulating the desired quantum correlation. In
another paper by the authors [4], we consider networks with
classical communication links.

Instances of the network coordination problem include
channel/source simulation [5-9], state merging [10, 11], state
redistribution [12], entanglement dilution [13], randomness
extraction [14], source coding [15, 16], and many other.

Two-node classical coordination: In classical coordina-
tion, the goal is to simulate a joint probability distribution. In
the basic two-node network, as in Figure 1, a joint distribution
pxy can be simulated if and only if the classical commu-
nication rate R;o is above Wyner’s common information,
C(X;Y) £ minI(U; XY), where the minimum is taken
over all auxiliary variables U that satisfy the Markov relation
X-eU-Y,and I(U; XY) is the mutual information between
U and (X,Y). One may also consider the case where the
nodes share classical correlation resources, a priori, in the
form of common randomness. Given a sufficient amount of
pre-shared common randomness, the desired distribution can
be simulated if and only if the classical communication rate is
above the mutual information, i.e., Ry o > I(X;Y) [17, 18].

Two-node quantum coordination: In the quantum setting,
the goal is to simulate a joint state. A bipartite state wap can
be simulated if and only if the quantum communication rate
is above the von Neumann entropy [19], i.e., Q12 > H(wp).
Now, suppose that the nodes share entanglement resources,
prior to their communication, as illustrated in Figure 2. Given
sufficient entanglement, the desired state can be simulated
if and only if the quantum communication rate satisfies
Q12 > 1I(A; B),,, where I(4;B),, is the quantum mutual
information, by the quantum reverse Shannon theorem [20].

Multi-node quantum coordination: Here, we consider
quantum coordination in three multi-party networks, motivated
by applications such as the quantum Internet and quantum
repeaters [21]. In each setting, we determine the optimal coor-
dination rates, characterizing the minimal resources required in
order to simulate a joint quantum state among multiple parties.
First, we examine a cascade network that consists of three
users, as depicted in Figure 3. Alice, Bob, and Charlie wish to
simulate a joint quantum state w4 p¢c. Before communication
begins, each party shares entanglement with their nearest
neighbor, at a limited rate. Alice sends qubits to Bob at a rate
(1,2, and thereafter, Bob sends qubits to Charlie at a rate Q)2 3.
Next, we consider a broadcast network with one sender and
two receivers, where the receivers are provided with classical
sequences of information X™ and Y™. See Figure 4. In the
third setting, we consider a multiple-access network, with two
transmitters and a single receiver, as illustrated in Figure 5.

We further discuss the implications of our results on nonlo-
cal quantum games. In particular, coordination in the broadcast
network in Figure 4 can be viewed as a sequential game,
where a coordinator (the sender) provides the players (the
receivers) with quantum resources. In the course of the game,
the referee sends questions, X™ and Y™, to each player, and
they respond with B™ and C™. In order to win the game with
a certain probability, the communication rates must satisfy the
constraints with respect to an appropriate correlation.

In the analysis, we use different techniques for each setting.
For the cascade network, we use state redistribution [12]. In
the broadcast network, we assume that Alice does not have
prior correlation with Bob and Charlie’s resources X"™ and Y.
Therefore, the of state redistribution [12] and side information
[22] are not suitable. Instead, we use a quantum version of
binning. In the analysis of the multiple-access network, we
use the Schumacher compression protocol and the isometric



relation that is dictated by the network topology.
The full version of this paper can be found in [23].

II. MODELS AND RESULTS

We introduce three quantum coordination models and pro-
vide the required definitions. A quantum state is specified
by a density operator, ps, on the Hilbert space H 4. Let
A(H,4) denote the set of all such density operators. Then,
A™ = A;--- A, is a sequence such that pan € A(H%”). A
quantum channel £4_, 5 is a CPTP map.

A. Cascade network

Consider the cascade network with rate-limited entangle-
ment, as depicted in Figure 3. Alice can send qubits to Bob at
a rate (1,2 and Bob can send qubits to Charlie at a rate Q2 3.
Moreover, Alice and Bob as well as Bob and Charlie share
entanglement resources at rates £ o and E5 3 respectively.

Alice, Bob, and Charlie would like to simulate a joint
state w3, where wapc € A(Ha ® Hp @ He). Before
communication begins, each party shares bipartite entangle-
ment with their nearest neighbor, | U AT}/3> is shared between
Alice and Bob, while ’@Tch> between Bob and Charlie.
The coordination protocol begins with Alice preparing the
state of her output A™ and a “quantum description” M 5.
She sends M; 5 to Bob. As Bob receives M; o, he encodes
the output B™ and his own quantum description, M> 3, and
then sends M, 3 to Charlie. Upon receiving My 3, Charlie
encodes C". The transmissions M; 2 and My 3 are limited
to the quantum communication rates Q1,2 and ()2 3, while the
pre-shared resources to the entanglement rates E7 o and E 3.
Definition 1. A (2"@u2 2nQ23 onEiz onEas p)y coordina-
tion code for the cascade network in Figure 3 consists of:

1) Two bipartite states |7, ) and |Our.) on Hilbert
spaces of dimension 2"¥1.2 and 223, respectively.

2) two Hilbert spaces, Hay, , and Hy, ,, of dimension 27912
and 2923 respectively, and

3) three encoding maps, &7, ann, 55 FMy oTLTY B Ms 50
Dty sTo—cn, for Alice, Bob, and Charlie, respectively.

Alice applies the encoding map £7, , anar, , on her share
T4 of the entanglement resources. This results in the out-
1

put state pi‘g,MmTé Ery—anm, o (Yr,1y,). She sends
M2 to Bob. He uses M; o along with his share 5T} of
2 —

the entanglement reso(ugces to encode by punpgn MosTo =

1

‘FMl,zTéTgﬁB"’Mzs (pA"Ml,QTJg & @Tg Tc)' Bob sends Mj 3
to Charlie, whose encoding results in the final joint state,
~ 2 . . .
parpron = Dy aro—on (p54237‘M2,3Tc)' The objective is

that panpgncn is arbitrarily close to the desired state wfgc.

Definition 2. A rate tuple (Q12,Q23, E1,2, F23) is achiev-
able, if V £ > 0 and large n, there exists
a (27(@121+9) 9n(Q2549) gn(Fi2+40) on(F2549) ) coordina-

tion code satisfying ||pangncm — w§g0||1 <e.
Remark 1. Coordination in the cascade network can also be

represented as a resource inequality [24], Q12[¢ — qla—p +
E12[qqlas + Q2310 — qlp—c + E23[qq)Bc > (waBc)-
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The optimal coordination rates are established below.



Theorem 1. Let |wrapc) be a purification of wapc. A rate
tuple (Q1,2, Q2.3, E1 2, Es 3) is achievable for coordination in
the cascade network in Figure 3, if and only if

Q2> JI(BC: )., 1)
Q2+ Ev2 > H(BC),, )
Qa5 > J1(C; RA), 3)
Q23+ Ex3 > H(C), . (€]

The proof outline is provided in Section IV. The full proof
can be found in [23].

B. Broadcast network

Consider the broadcast network in Figure 4. Consider a
classical-quantum state, wxy 4pc, associated with a given
ensemble of states < pxy, aff’yg } in A(Ha®@Hp @He).
Alice, Bob, and Charlie wish to simulate wxy 4gc. The clas-
sical sequences X and Y™ are drawn from a common source
p?}’{,, and given to Bob and Charlie, respectively. Initially,
Alice encodes her output A™ with two quantum descriptions,
M2 and M; 3, which she transmits to Bob and Charlie,
respectively. Bob uses Mj 2 and X™ to encode the output
B™. Similarly, Charlie receives M; 3 and Y™, and encodes
his output C"™. Achievable rates are defined accordingly.

Remark 2. Broadcasting a quantum state among multiple
receivers is impossible by the no-cloning theorem. However,
in our broadcast network, Alice sends two different “quantum
messages” M o and M 3, i.e., Alice broadcasts correlation.

Remark 3. Alice has no access to X" nor Y". Therefore,
coordination can only be achieved for states wxy apc such
that there is no correlation between A and XY, on their own,
ie., Wxya = wxy @ wa. Furthermore, standard techniques,
such as state redistribution [12] and quantum source coding
with side information [22], are not suitable. Instead, we
introduce a quantum version of binning.

The optimal coordination rates are established below.

Theorem 2. A rate pair (Q1,2, Q1,3) for the broadcast network
in Figure 4 is achievable if and only if

Q12> H(B|X),, Qi3> H(C|Y), . o)

The proof outline for Theorem 2 is provided in Section V,
and the full proof in [23].

C. Multiple access network

Consider the multiple-access network in Figure 5. Al-
ice, Bob, and Charlie would like to simulate a pure state
|wABo>®n. Alice can send qubits to Bob at a rate of )1 3 and
Bob to Charlie at a rate of Qa3. A (2791327923 n) code
is defined accordingly. Alice and Bob apply the respective
encoding map, Ean_yAnnr, ; and Fpn_,pnpg, 4, tO prepare
pfj,)le s ® pgle 5 As Charlie receives M 3 and M> 3, and
applies D, 411, ,—cn to produce the final state, panpncon.
Achievable rates are defined accordingly.

Remark 4. As Charlie acts on M; 3 and M 3, which are
encoded separately, we have panpgn = psz ® pgz,. Therefore,
one can only simulate states w4pc such that wap = WA Qwp.

Hence, there exists an isometry Vo_, ¢, ¢, such that

(I1®Veseoio,) |lwase) = lwac,) ® lwse,) (6)

where |wac,) and |wpe,) are respective purifications [25,
Theorem 5.1.1]. If wapc cannot be decomposed as in (6),
then coordination is impossible in this network.

The optimal coordination rates are given below.

Theorem 3. Let |wapc) be a pure state as in (6). Then, a
rate pair (Q1,3,Q2,3) for coordination in the multiple-access
network in Figure 5 is achievable if and only if

Qi3> H(A),, Q23> H(B),. @)

The proof outline for Theorem 3 is provided in Section VI,
and the full proof in [23].

III. NONLOCAL GAMES

The broadcast network model can represent a nonlocal game
[26], where quantum coordination between the players could
provide an advantage. First, we discuss the single-shot game,
and then move on to sequential games with an asymptotic
payoff. Consider Figure 4. Assume that B and C are classical,
while A is void. Here, Alice is a coordinator that generates
correlation between the players, Bob and Charlie. In the
sequential game, we denote the number of rounds by n.

Single shot game (n = 1): A referee provides two
queries X and Y, drawn at random, one for Bob and the
other for Charlie. The players, provide responses, B and C,
respectively. They win the game if the tuple (X,Y,B,C)
satisfies a particular condition. A well known example is the
CHSH game [27], where X, Y, B, C € {0, 1}, and the winning
condition is X AY = B@ C. Using classical correlations, the
game can be won with probability (w.p.) of at most 0.75. If
the players, Bob and Charlie, share a bipartite state pas, ,n, 55
then they can generate a quantum correlation,

Ppcixy (b clry) = Tr [(Fb(x) ® Dgy)) le.le,g} (8)

by performing local measurements {Fb(l')} and {Dgy)}. In
particular, in the CHSH game, if the coordinator, Alice,
generates an EPR pair, |®ag, ,ar, ,) = %(|00) + |11)), then
their chance of winning improves to cos? (%) ~ 0.8535. Here,
(Q12,Q1,3) = (1,1) is optimal. In the Slofstra-Vidick game
[28], winning w.p. (1 — e~ 1) requires Q; ; o< T

Sequential game: The players repeat the game n times,
and they can thus use a coordination code. Let .#(vy) denote
the set of correlations that win w.p. . Based on our results,
the game can be won w.p. <y if and only if Alice can send
qubits to Bob and Charlie at rates Q)12 and 1,3 that satisfy
the constraints in Theorem 2 for Ppcixy € -7(7).

IV. CASCADE NETWORK ANALYSIS
Consider the cascade network in Figure 3.



A. Achievability proof

The proof for the direct part exploits state redistribution:
Consider two parties, Alice and Bob. Let their systems be
described by the joint state 1) 4pg, where A and B belong
to Alice, and G belongs to Bob. Let the state |¢)4pcr) be a
purification. They wish to redistribute so that B is transferred
from Alice to Bob. Alice can send quantum descriptions at
rate () and they share entanglement at a rate F. Then, by the
state redistribution theorem [12], the optimal rates satisfy

1
Q> SI(B:R|G)y, ©)
Q+E > H(B|G)y (10)

We go back to the coordination setting for the cascade network
(see Figure 3). Suppose that Alice prepares the desired state
lwagar)®" locally, where B™, C™, R™ are her ancillas. Let
€ > 0 be arbitrarily small. By the state redistribution theorem
[12], Alice can transmit B*C™ to Bob at communication rate
(01,2 and entanglement rate E, o that satisfy (1)-(2). That
is, there exist a bipartite state Wr,7; and encoding maps,

1) (1)
EBnenTy -, , and ]-'M1 JTL B’ such that
‘ TI(QITL)An,Bn@n - W%ZBcHl <e, (1)
for sufficiently large n, where
70 i = (FU W) (Wi pe © Uryry) . (12)

Similarly, C™ can be compressed and transmitted with rates
as in (3)-(4). Namely, there exists @Tch and encoding maps,

(2) (2)
‘FC"T”—>M and DJ\42,3TC‘>C"’ Suoh that
2) ®n
@~ g <5 03
where TI(%QW)Aﬂ prem = (D@ o F@) (w2" . @ Ogyr, ). The
coding operations are described below.
Encoding:

Y™ Jocally. She applies £, and

A) Alice prepares (wpen
sends M o to Bob.
B) Bob receives M o and applies F(?) o F(1)
C) Charlie receives M» 3 from Bob and applies D@,
Error analysis: The joint state after Alice’s encoding is
szMl oy = EM (W7 & @Y, ). After Bob encodes,

2) (1)
pf4”B”Mz 3T — =FO(r T anpgnin @ O1Y Tc) (14)

(see (12)). According to (11), 71 and w®" are close in trace
distance. By trace monotonicity under quantum channels,

@) (w [Se a9

XN
Wone ®Orye)

(2)
HPA"B”nggTC -F
As Charlie receives and encodes, the final state is pangncn =

D) (pf)b BnMs 5T )- Hence, by trace monotonicity,

<e. (16)

~ 2
To———-]

(see (13)). Thus, by (13), (16), and the triangle inequality,
|ParBron —wiie|l, < 2e. This proves achievability.
B. Converse proof

Let (Q1,2,Q2,3,E1,2,E23) be an achievable rate tuple.
Suppose that Alice prepares the state |wp 3 B@)®" locally, and
then performs the coordination protocol. Then, there exists a
sequence of codes such that

B anmom — @il < n a7)

Consider Alice’s communication and entanglement rates,
Ql)g and E172. NOW,
2n(Q1,2 + E12)>I(My 2T A"R") )

since I(A;B), < 2logdim(#4) in general. We may view
the entire encoding operation of Bob and Charlie as a black
box whose input and output are (M7 2,7%) and (B™,C"™),
respectively. Then, by the data processing inequality,
I(M, 2Tg; A"R™) ;00 > I(B"C"; A"R"™);
> I(B"C"; A"R") en — nauy,
=n[I(BC; AR), — ],

(18)

(19)

where a,, — 0 when n — oco. The second inequality follows
from (17) and the AFW inequality [29]. Since |wrapc) is
pure, we have I(BC AR),, = 2H(BC),,. Therefore, Q1 2 +
Ey 5> H(BC), — Qan

To show the bound on (); 2, observe that a lower bound
on the communication rate with unlimited entanglement also
holds with limited resources. Thus, Q12 > %I (BC;R).,
follows from the entanglement-assisted capacity theorem [17].
The bound on Bob’s rates follows in a similar manner. O

V. BROADCAST ANALYSIS

Consider the broadcast network in Figure 4. We show
achievability by using a quantum version of the binning
technique. Define the average states,

E Px|y $|y O'Ac ,
zeX

oy = prix(ylr)oly
yey

) UAC

and consider a spectral decomposition of the reduced states,

= pzix (21a) [V Ntba | (20)
zEZ

= > pwiy (Wly) [dywh byl - @21
weW

We can also assume that the different bases are orthogonal
to each other by requiring that Bob and Charlie encode on a
different Hilbert space for every value of (z,y).

We use the type class definitions and notations in [25, Chap.
14]. In particular, T(;X " denotes the J-typical set with respect
to px, and TEZ 12" is the conditional d-typical set with respect
to pxz, given " € Tgxn

Classical Codebook Generation: For every sequence
2™ € Z", assign an index mj o(2"), uniformly from [27@1.2].
A bin B 5(m; 2) is defined as the subset of sequences that are
assigned the index m; 2. Define the bins B1 3(m; 3) similarly.



Encoding:
A) Alice prepares w® A ¢ locally, without any correlation with
X™ and Y" (see Remark 3). She applies the encoding

channel 5;,3_} My ®E é?n oMy , where
£W(p Z PX Z
e X?L zn GZ”
(ham on| 1 [Ygn 2n) ma2(2™) ) ma2(2™)] (22)

and £ is define similarly. She transmits M, 5 and M, 3.
B) Bob applies the following encoding channel,

2n@1
‘Fz(\;l,;aBn (PMl,g) = Z (ma 2| PM; o M 2)
m1,2:1
1
zn |mn Z |wa:" ,2" ><wa:” ,2T ‘
JrE A am )] e
nYB1 2(m1,2)
(23)

C) Charlie’s decoder is defined in a similar manner.

We focus on Bob’s error. Consider a
™)}. Alice encodes M 2 by

Error analysis:
given codebook 612 = {m1 2(z

i = ) 5
ILEX’VL YLEZYL

(Yan on | WRE [an 20 ) Im12(z")ma2(z")], (24)

where 1) .o = @iy 1), .- By the weak law of large

. . . . 1
numbers, this state is €;-close in trace distance to pil,z, M, =

® (1]z")
ZzneTéx” px"(z )PAngi\/f12

(1ja™) >

pAnMLz =
neTZ"\z"

where we have defined

<’l/}m7l’z’ﬂ (T ) wzn72n>

A‘n. Bn

Ima2(2")Xma2(2")] . (25)
Leta™ € T§* " . By the definition of Bob’s encoding channel,

l‘n 1 :En zn
FE YD )= > (aranl 0l ) [an n) @
Z"ETZ'L"ETL

1 >
‘Tg e s31,2(7711,2(2"))’ e le"
nNB, Q(ml 2(Z ))

W]z“ 2N ><wr” 2N | :

(26)

Based on the classical result [30, Chapter 10.3], the random
codebook ¢ o satisfies that

%E)I‘ <E|2n € T(SZ"‘;L-" N %172(771172(2’”)) 1 3" 7& Zn> S €2
1,2

given 2" € TJZ nlmn, for sufficiently large n, provided that
the codebook size is at least 2"(H(Z1X)+e3) je if Q5 >
H(Z|X) + e3 = H(B|X), + e3. Observe that if T/ 1”0
B1,2(m1,2(2")) consists of the sequence 2™ alone, then the
overall state in (26) is identical to the post-measurement state
after a typical subspace measurement on B™, with respect to
T5Z |z . Based on the gentle measurement lemma [31], this

state is e4-close to aff;), for sufficiently large n.

Using the triangle inequality and the total expectation for-
mula, we show that E, , Hwﬁ?fﬁw — pxnanpn|| < e1+e0+ey.
By symmetry, Charlie’s error tends to zero as well, provided
that Q13 > H(C|Y),, + 5. The achievability proof follows
by taking » — oo and then €;,0 — 0. The converse proof
follows the lines of [12], and it is thus omitted. O

VI. MULTIPLE-ACCESS ANALYSIS

Consider the multiple-access network in Figure 5. Coor-
dination is only possible if (6) holds for some isometry V'
(see Remark 4). Thus, assume so. Achievability follows from
the Schumacher compression protocol [32] straightforwardly.
Alice and Bob prepare w%& ®w%82, compress and send CT'
and C%, and Charlie applies (V' 1)®". The details are omitted.

As for the converse, consider a sequence of codes such that
HZ)\AanCn — wfg()“l < &, vanish. Applying V®" yields

|GanBrency —whe, @ wh H <e,. 27)

Thus,

2nQ1,3 > I(My 3; A" [Ma3) ,0) g5

(a) n
= [(M;,3Ms>, 3714 ) oM @p@

®)
> I(C"'A”)A =
(d)
> I(CTCT; A™)y — nay,

(—P)2 H(A), — nay,,

(7035 A%)s

(28)

since (a) I(Mz3; A™), g, = 0, (b) the data processing
inequality, (¢) the von Neumann entropy is isometrically
invariant, (d) the AFW inequality [29], and (e) the mutual
information is with respect to |wac,)*" ® |wpe,)®", and
therefore H(A),, = H(C4).. The bound on Bob’s rate follows
by symmetry. Further details are given in [23]. O

VII. SUMMARY

We considered quantum coordination in three models. In
the cascade network, three users simulate a joint state using
limited communication and entanglement rates. Next, we
considered a broadcast network, where a sender broadcasts
correlation to two receivers. We discussed the implications
of our results on nonlocal games. At last, we considered
a multiple-access network with two senders and a single
receiver. We observed that the network topology dictates the
type of states that can be simulated. Our results extend various
results in the literature and can be generalized to more than
three nodes.
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