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Quantum Communication and Information Theory

m Natural extension of the classical theory to quantum systems

m reveals “strange” phenomena: negative conditional entropy,
super-activation, etc.

m Progress in practice

o Quantum key distribution for secure communication
(307 km in optical fibers, 1200 km through space)

o Computation power: Google's supremacy experiment
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Motivation (Cont.)

Channels that depend on a random parameter

m Channel side information (CSI)

o classical applications: cognitive radio in wireless systems, memory
storage, digital watermarking, etc.
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Motivation (Cont.)

Channels that depend on a random parameter

m Parameter estimation (RnS channel): the parameter sequence
represents information that the decoder needs to reconstruct

o recover digital watermarking + host data

o multicast of control information on top of analog signal
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Background: Random-Parameter Channel

Classical results with channel side information (CSI) at the encoder:
m Causal CSI [Shannon 1958]
m Strictly-causal CSI [Csiszar and Korner 1981]

m Non-causal CSI [Gel'fand and Pinsker 1980]
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m Causal CSI [Shannon 1958]
m Strictly-causal CSI [Csiszar and Korner 1981]
m Non-causal CSI [Gel'fand and Pinsker 1980]

Random-parameter classical-quantum channels

m Causal and Non-causal CSI [Boche, Cai, and Né&tzel 2016]
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Background: Random-Parameter Channels (Cont.)

Classical results with parameter estimation:

m Without CSI [Zhang, Vedantam, and Mitra 2011]
m Causal, strictly-causal CSI [Choudhuri, Kim, and Mitra 2013]
m Non-causal CSI [Sutivong, Chiang, Cover, and Kim 2005]

m CS| + feedback [Bross and Lapidoth 2018]
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Main Contributions

We consider random-parameter quantum channels when the receiver
reconstructs the parameter sequence with distortion

m Strictly-causal and causal CSI

o Regularized formulas; single-letter for measurement channels

m Non-causal CSI

o Regularized formula
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Main Contributions

We consider random-parameter quantum channels when the receiver
reconstructs the parameter sequence with distortion

m Strictly-causal and causal CSI

o Regularized formulas; single-letter for measurement channels
m Non-causal CSI

o Regularized formula

m without CSI

o Regularized formula; single-letter for entanglement-breaking channels

o generalized Shor inequality
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Definitions

Quantum States

A pure quantum state |¢) is a vector in the Hilbert space Ha.

For a qubit, |¢) = |0), |1), or

) = al0) + B[1) , with |a]? +|8%| =1

&
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Definitions

Quantum States

A pure quantum state |¢) is a vector in the Hilbert space Ha.

For a qubit, |¢) = |0), |1), or

) = al0) + B[1) , with |a]? +|8%| =1

Entanglement
Systems A and B are entangled if [1)ag) # |[1a) ® |[1B)

bap) = 5(10) ®10) + 1) ® [1)).

For example, 5
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Definitions

Quantum States (Cont.)

The state pa of a quantum system A is an Hermitian, positive semidefinite,

unit-trace density matrix over Ha.

A POVM (= positive-operator valued measure) iS a set Of pOSitive Semi'deﬁnite
operators {AJ} such that > A = 1. Born rule: the probability of the
measurement outcome j is pa(j) = Tr(Apa).
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Definitions

Quantum Entropy and Mutual Information

Given pag, define

H(A), = —Tr(palog pa)

H(A[B), = H(AB), — H(B),

I(A; B), = H(A), + H(B), — H(AB),
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Definitions

Random Parameter Quantum Channel

A random-parameter quantum channel Nsa g is a linear, completely
positive, trace preserving map corresponding to a quantum physical

evolution:
NP g
pa —==== pp

with

S ~q(s)
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Definitions

Random Parameter Quantum Channel (Cont.)

A random-parameter quantum channel Nsa_, is called entanglement
breaking if for every state pag with arbitrary E, the output state
(NG @ 1)(pag) is separable, i.e.

(N ® 1)(pag) = Z pyis(yls)os’ ® ¢p°
y

In particular, classical-quantum channels and quantum-classical channels

are entanglement breaking.

Uzi Pereg Quantum Channels with Estimation 13 / 35



Definitions

Random Parameter Quantum Channel (Cont.)

A random-parameter quantum channel Nsa_, is called entanglement
breaking if for every state pag with arbitrary E, the output state
(NG @ 1)(pag) is separable, i.e.

(N ® 1)(pag) = ZPY\S(Y| )¢8" ® ¢E°

A quantum-classical channel is called a measurement channel.

Denote Mga_,y.
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Definitions

Coding

Types of CSI

m None: Alice sends p7,

m,s1,82,...,5i—1

Strictly-causal: At time i € [1 : n], Alice sends p,

m,s1,52,...,S;

m Causal: At time i € [L: n], Alice sends p,’

. n
m Non-causal: Alice sends p/y,°
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Definitions

Coding with Strictly-causal CSI

Code

A (2"R n) code with strictly-causal CSI at the encoder consists of a
message set [1 : 27F], a sequence of n consistent preparation maps

ENpsie1_ p for i € [1 2 1], and a decoding POVM {AZ;""}

Denote the code by (&, A).

me[1:20R] gneSn
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Definitions

Coding with Strictly-causal CSI

Code

A (2"R n) code with strictly-causal CSI at the encoder consists of a
message set [1 : 27F], a sequence of n consistent preparation maps

ENpsie1_ p for i € [1 2 1], and a decoding POVM {AZ;""}

Denote the code by (&, A).

me[1:20R] gneSn

letd:S xS — [0, dmax] be a given distortion measure, and

1 n
d"(s",8") = — > d(si, é)
i=1
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Definitions

Coding with Strictly-causal CSI (Cont.)

n—1

P(|") Z q"(s")Tr | (1 — Z Agﬂs )N,gi'lsn( mns )

with A& "—>B" =@, ./\/:E\SLZB.

AN = Ed"(S", 5"
ng.n any.n(.n 1 7 G
S AN - T NN )

m,m,s" s
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Definitions

Coding with Strictly-causal CSI (Cont.)

Capacity-Distortion Region
A (2R n e, D) code satisfies Pé") <eVmand AW <D

|m

A rate-distortion pair (R, D) is called achievable if V £,0 > 0 and n > ng,
there exists a (2"F, n, e, D + §) code.

The capacity-distortion region Cs.c(N) is defined as the set of achievable
pairs (R, D) with strictly-causal CSI.

Uzi Pereg Quantum Channels with Estimation 17 / 35



Definitions

Coding with Strictly-causal CSI (Cont.)

Capacity-Distortion Region
A (2R n e, D) code satisfies Pg") <eVmand AW <D

|m

A rate-distortion pair (R, D) is called achievable if V £,0 > 0 and n > ng,
there exists a (2"F, n, e, D + §) code.

The capacity-distortion region Cs.c(N) is defined as the set of achievable
pairs (R, D) with strictly-causal CSI.

= The capacity-distortion function Csc(N, D)

Uzi Pereg Quantum Channels with Estimation 17 / 35



Definitions

Coding with Strictly-causal CSI (Cont.)

Capacity-Distortion Region
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|m

A rate-distortion pair (R, D) is called achievable if V £,0 > 0 and n > ng,
there exists a (2"F, n, e, D + §) code.

The capacity-distortion region Cs.c(N) is defined as the set of achievable
pairs (R, D) with strictly-causal CSI.

= The capacity-distortion function Cs.c(N, D)

= The capacity Coc(N, dmax)

Uzi Pereg Quantum Channels with Estimation 17 / 35



@ Definitions

@ Related Work

@ Main Results



Related Work

Related Work: Without Parameters

Let /\/'AO_>B be quantum channel without parameters. Define the Holevo
information

N® = max I(X:B
XWNT) = e I(XiB),

with ] < [Hal? and pxg = Tyex Px(x)1x) (x| @ NO(65).
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Related Work

Related Work: Without Parameters

Let /\/'AO_>B be quantum channel without parameters. Define the Holevo
information

x(NV%) = max I(X;B),

px(X).,‘@f\)
HSW Theorem
(Holevo 1998, Schumacher and Westmoreland 1997)

The capacity of a quantum channel NA9_>B without parameters is given by

C(N?, dmax) = lim I ((NVO)=m)

n—oo N
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Related Work

Related Work: Without Parameters

Let /\/'AO_>B be quantum channel without parameters. Define the Holevo
information

x(NV%) = max I(X;B),

px(X).,‘@f\)

HSW Theorem

(Holevo 1998, Schumacher and Westmoreland 1997, Shor 2002)

The capacity of a quantum channel NA9_>B without parameters is given by

C(N?, dmax) = lim I ((NVO)=m)

n—oo N

If N'3_, g is entanglement-breaking, then C(N?, dmax) = x(N?).
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Related Work

Related Work: Without Parameters (Cont.)

Additivity Conjecture (lasted until 2009)

For every pair of quantum channels Pa,_,5, and T a,_,5,,
X(P®@T)=x(P)+x(T)

and thus, the regularization in the HSW theorem can be removed.
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Related Work

Related Work: Without Parameters (Cont.)

Super-Additivity Property (Hastings 2009)

There exist quantum channels Py, .5, and T 4,,5, such that

X(P@T) > x(P)+x(T)
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Related Work

Related Work: Without Parameters (Cont.)

Super-Additivity Property (Hastings 2009, Fukuda and Wolf, 2007)

There exist quantum channels Py, .5, and T 4,,5, such that
X(P @ T) > x(P) + x(T)

and thus, the regularization in the HSW theorem is necessary.
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Related Work

Related Work: Without Parameters (Cont.)

Super-Additivity Property (Hastings 2009, Fukuda and Wolf, 2007)

There exist quantum channels P4, _,p, and T a,_,p, such that
X(P®T) > x(P)+x(T)

and thus, the regularization in the HSW theorem is necessary.

Additivity for Entanglement-Breaking Channels (Shor 2002)

If Pa,— B, is entanglement-breaking and T a,_,p, is arbitrary, then

X(P&T) = x(P)+x(T)
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Related Work

Back to our problem:

Random-Parameter Quantum Channels with Parameter
Estimation
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Main Results

Main Results: No CSI

Alice has no knowledge on the parameters. Let

(R,D) :
RN 2| R< I(X;B),
D> 5 q(s)px(x)Tr(T NE2 (#3))d(s, 9)

5,8,x

with [X| < |Ha|? + 1, where the union is over px(x), state collection

{|¢%)} . and set of POVMs {I§, }, with

psxe = 3 a(s)pxis(xIs)ls)(s| @ [x) (x| @ N (65)

S,X
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Main Results

Main Results: No CSI (Cont.)

The capacity-distortion region of a random-parameter quantum channel
Nsa_sg without CSl is given by

R(NE")

:\l—‘

0= U=

Uzi Pereg Quantum Channels with Estimation 24/ 35



Main Results
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1 @n
“R(NET)

(@

CWN) =

1

n
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The capacity-distortion region of a random-parameter quantum channel
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If Nsa_p is entanglement-breaking, then C(N) = R(N).
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Main Results

Analysis: No CSI, Entanglement-Breaking

Lemma (Shor Inequality)

Let Pa,—p, and Ta,_,p, be quantum channels, where Pa, ., is
entanglement breaking. Consider the classical-quantum states

PXALA; = ZPX )1x) (x| @ pa, A,
xXEX

PxBB; =(L ® P @ T)(pxaa,)

Then, there exists a classical-classical-quantum extension pxyg, g, such
that

I(X; By, By), < I(X; B1), + (X, Y; By),.
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Main Results

Analysis: No CSI, Entanglement-Breaking

Lemma (Generalized Shor Inequality)

Let AMsa_,g be an entanglement-breaking random-parameter channel, and
let n > 2. Consider the classical-quantum states

pxan = Y px(X)Ix) (x| @ p3,
XEX

prn = Z qn(Sn)(:ﬂ. ®N(i23n)(pXAn)

snesn

Then, there exists a classical-classical-quantum extension pxyn-1g» such
that

I(X;B™), <> I(X, YL By),.
i=1
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Main Results

Analysis: No CSI, Entanglement-Breaking

Lemma (Generalized Shor Inequality)

Let Nsa_,g be an entanglement-breaking random-parameter channel, and
let n > 2. Consider the classical-quantum states

pxan = px(x)|x) (x| ® pj,

xeX
pxen = Y q"(s")(1 © N, o) (oxar)
snesSn

Then, there exists a classical-classical-quantum extension pxyn-1g» such
that

"p§2/( ' Bi)p
i=1
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Main Results

Main Results: Strictly-Causal CSI

At time /, Alice knows S1,...,S5;_1. Let
(R,D) :
R< I(Z,X;B),—1(Z;5|X)
A
RecM) 2 D> % a(s)px(x)pzxsizlx.s)
5,8,x,z

S Tr(Tg, N 5(657))d(s, 9)

with |X| < [Hal? + 1 and |2| < |[Hal? +|S
set of all distributions px(x)pz|x,s(z|x,s) , state collection {[¢7)}, and

set of POVMs {I'g, .}, with

, where the union is over the

PSzxB = Z q(s)px (x)pzx,s(z|x; s)|s)(s|

® [2)(z] ® [x) (x| @ N 5 (65) .
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Main Results

Main Results: Strictly-Causal CSI (Cont.)

The capacity-distortion region of a random-parameter quantum channel
Nsa_sg with strictly-causal CSI at the encoder is given by

<1
CS—C(N) = U ;Rs_c(./\/'@n)
n=1
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Main Results

Main Results: Strictly-Causal CSI (Cont.)

The capacity-distortion region of a random-parameter quantum channel
Nsa_sg with strictly-causal CSI at the encoder is given by

<1
CS—C(N) = U ;Rs_c(./\/'@n)
n=1

) CS—C(M) - RS—C(M)-

For a random-parameter
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Main Results

Main Results: Strictly-Causal CSI (Cont.)

Proof Key Ideas

m Extension of the methods of Choudhuri et al. (2013):
a block Markov coding scheme where in each block we encode a fresh
message and a compressed representation of the parameter sequence
from the previous block.
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Main Results

Main Results: Strictly-Causal CSI (Cont.)

Proof Key Ideas

m Extension of the methods of Choudhuri et al. (2013):
a block Markov coding scheme where in each block we encode a fresh
message and a compressed representation of the parameter sequence
from the previous block.

m Quantum packing lemma and classical covering lemma

m Gentle measurement lemma = multiple measurements can be
performed with negligible disturbance

Proof
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Main Results

Main Results: Causal CSI

At time /, Alice knows S1,...,5;.1,5;. Let
(R,D) :
R< I(Z,X;B),—1(Z:S|X)
A
Raa)2UY D2 5 al@extpaxseles)
s)

Tr(rSB|X szg\%B(fi((SLA(qbf(’X))d(sﬁ §)
where the union is over px(x)pz|x,s(z|x,s) , state collection {[¢;™)} ,
quantum channels ff(LA , and set of POVMs {FB‘ 2t with

pszxe = Y d(s)px(x)pzix s(zlx, 5)ls){s]

® |2)(z] ® Ix) (x| ® N 5 (F, a(05)) -
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Main Results

Main Results: Causal CSI (Cont.)

The capacity-distortion region of a random-parameter quantum channel
Nsa_sg with causal CSI at the encoder is given by

1
CcauS(N) = U ;Rcaus(/\/@n)
n=1

For a random-parameter » Ceaus(M) = Reaus(M).
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Main Results

Main Results: Causal CSI (Cont.)

The capacity-distortion region of a random-parameter quantum channel
Nsa_sg with causal CSI at the encoder is given by

1
CcauS(N) = U ;Rcaus(/\/@n)
n=1

For a random-parameter » Ceaus(M) = Reaus(M).

In the proof, similar methods are applied to the virtual channel Lsk_, 5,

where
£, 6(0k) = NS 5 (FE, aloK))
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Main Results:

Main Results

Non-Causal CSI

Alice knows S” a priori. Let

Roc(N) £

where the union is over px|s(x|s), state collection {03}, and set of

(R,D) :
R< I(X;B),—I(X;S)
Uy D> % as)exsixls)

s,8,x

N7

POVMs {I§} . with

psxe = 3 a(s)px|s(xIs)ls)(s| ® [x) (x| © NS

—B

Uzi Pereg

S,X

Quantum Channels with Estimation

31/35



Main Results

Main Results: Non-Causal CSI (Cont.)

The capacity-distortion region of a random-parameter quantum channel
Nsa_sg with non-causal CSI at the encoder is given by

<1
Cn_c(N) = U ;Rn_c(N@)n)
n=1

Even in the classical case, a single-letter characterization is an open
problem.
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Main Results

Main Results: Without Estimation

Direct consequences that extend the results of Boche, Cai, and Notzel
(2016):

Corollary

The capacity of a random-parameter quantum channel Nsa_,g with
strictly-causal CSI at the encoder is the same as without CSI.

* similar result for quantum feedback (clean channel from Bob to Alice) [Bowen 2004]

and classical feedback for entanglement-breaking channels [Bowen and Nagarajan 2005]
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Main Results

Main Results: Without Estimation

Direct consequences that extend the results of Boche, Cai, and Notzel
(2016):

Corollary

The capacity of a random-parameter quantum channel Nsa_,g with
causal CSI at the encoder is given by

1
Ceaus(N, dmax) = lim E sup I(Xk;Bk)p
k—o00
k() FG |7 )

Gk%Ak’
Wlth PskxkBk =

k
S ak(s)pxn(xF)Is Nk @ Ik (K @ N o (FEO, (0)

sk xk
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Main Results

Main Results: Without Estimation

Direct consequences that extend the results of Boche, Cai, and Notzel
(2016):

Corollary

The capacity of a random-parameter quantum channel Nsa_,g with
non-causal CSI at the encoder is given by

1
Ch- C(N dmax) = I|m E sup [I(Xk; Bk)p - I(Xk; Sk)]
k—00 ok ok
pXk‘Sk(Xk‘sk),QAk’

with
psixisr = X aK(s pxusn (s Ist) (4] @ ) (k| @ WL, (05™)
X
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Main Results

Summary
We derived regularized capacity-distortion formulas for quantum channels
with parameter estimation in four scenarios.

m without CSI

o Single-letter formula for entanglement-breaking channels

o Alternative approach: generalized Shor inequality (instead of additivity)
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We derived regularized capacity-distortion formulas for quantum channels
with parameter estimation in four scenarios.

m without CSI

o Single-letter formula for entanglement-breaking channels

o Alternative approach: generalized Shor inequality (instead of additivity)
m Strictly-causal and causal CSI

o single-letter formula for measurement channels
o Analysis: block Markov coding with binning + quantum packing
lemma + gentle measurement

m Non-causal CSI

m Regularized capacity formulas without estimation



Main Results
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