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Communication With Unreliable
Entanglement Assistance

Uzi Pereg™, Member, IEEE, Christian Deppe ™, Member, IEEE, and Holger Boche™, Fellow, IEEE

Abstract— Entanglement resources can increase transmission
rates substantially. Unfortunately, entanglement is a fragile
resource that is quickly degraded by decoherence effects. In order
to generate entanglement for optical communication, the trans-
mitter and the receiver first prepare entangled spin-photon pairs
locally, and then the photon at the transmitter is sent to the
receiver through an optical fiber or free space. Without feedback,
the transmitter does not know whether the entangled photon has
reached the receiver. The present work introduces a new model of
unreliable entanglement assistance, whereby the communication
system operates whether entanglement assistance is present or
not. While the sender is ignorant, the receiver knows whether
the entanglement generation was successful. In the case of a
failure, the receiver decodes less information. In this manner, the
effective transmission rate is adapted according to the assistance
status. Regularized formulas are derived for the classical and
quantum capacity regions with unreliable entanglement assis-
tance, characterizing the tradeoff between the unassisted rate
and the excess rate that can be obtained from entanglement
assistance. It is further established that time division between
entanglement-assisted and unassisted coding strategies is optimal
for the noiseless qubit channel, but can be strictly suboptimal for
a noisy channel.
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I. INTRODUCTION

UANTUM channels represent the physical evolution of a

non-isolated system and provide a mathematical descrip-
tion for a noisy transmission medium, such as an optical
fiber. The channel capacity is the ultimate characteristic for
communication throughput, i.e. the optimal transmission rate
with an asymptotically vanishing error for a given noisy chan-
nel. Generally speaking, quantum communication and security
protocols can be categorized as either entanglement-assisted or
unassisted.

Entanglement resources are instrumental in a wide vari-
ety of quantum network frameworks, such as physical-layer
security [1], interferometry [2], sensor networks [3], [4], and
communication complexity [5]. Furthermore, the data rate can
be significantly higher when the communicating parties are
provided with entangled particles [6], [7], as has recently been
demonstrated in experiments [8]. Unfortunately, entanglement
is a fragile resource that is quickly degraded by decoherence
effects [9].

In order to generate entanglement in an optical commu-
nication system, the transmitter may prepare an entangled
pair of photons locally, and then send one of them to
the receiver [10]. Such generation protocols are not always
successful, as photons are easily absorbed before reaching
the destination. Therefore, practical systems require a back
channel, to inform the transmitter whether the entanglement
has been established to a satisfying degree of quality. In the
case of a failure, the protocol is to be repeated. The backward
transmission may result in a delay, which in turn leads to
a further degradation of the entanglement resources. In this
work, we propose a new principle of operation: Communi-
cation with unreliable entanglement assistance. In our model,
the communication system operates on a rate that is adapted
to the status of the entanglement assistance, whether the
assistance exists or not. Hence, feedback and repetition are not
required.

Driven by new applications such as Industry 4.0, Vehicle-
to-Everything (V2X), and the Tactile Internet [11], future
communication systems such as those beyond the fifth gen-
eration of mobile networks (5G) will significantly differ
from both existing wireless and wired networks. Quantum
communication networks are expected to play an important
role in the communication infrastructure of the modern dig-
ital society [12]. Such systems will have a more involved
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network structure and will impose more diverse and chal-
lenging quality-of-service (QoS) requirements on the network
resilience and reliability, service availability, delay, security,
privacy, and many others. Some of these new requirements
can only be met by using quantum communication [13].
The deployment requirements will go beyond those of the
traditional systems, e.g. the Tactile Internet will allow not only
the control of data, but also of physical and virtual objects.
With such critical applications comes the need to address the
trustworthiness of the system and its services.

Resilience and reliability are core elements of trustworthi-
ness and have been identified as key challenges for future
communication systems [14].

Furthermore, resilience and reliability cannot necessarily
be verified automatically on digital hardware, i.e. on Turing
machines [15]. It is not Turing decidable whether an attacker
can perform a denial-of-service attack or not. Thus, it is
also not Turing decidable whether a communication system
is trustworthy or not [14]. Therefore, it is fundamentally
important to achieve entirely new approaches for resilience
by design and for reliability by design. Here, we develop
the theory for reliability by design for entanglement-assisted
point-to-point quantum communication systems.

Communication through quantum channels can carry classi-
cal or quantum information. For classical communication, the
Holevo-Schumacher-Westmoreland (HSW) Theorem provides
a regularized formula for the classical capacity of a quantum
channel without assistance [16], [17]. Although calculation of
such a formula is intractable in general, it provides computable
lower bounds, and there are special cases where the capacity
can be computed exactly. The reason for this difficulty is that
the Holevo information is super-additive [18]. A similar dif-
ficulty occurs with transmission of quantum information. The
regularized formula for the quantum capacity is given in terms
of the coherent information [19]. The entanglement-assisted
classical capacity and quantum capacity of a noisy quantum
channel were fully characterized by Bennett et al. [6], [7]
in terms of the quantum mutual information, in analogy to
Shannon’s capacity formula for a classical channel [20]. The
tradeoff between transmission, leakage, key, and entanglement
rates is studied extensively in the literature as well [21], [22],
[23], [24], [25], [26], [27], [28], and [29].

The theory of uncertain cooperation was first introduced
to classical information theory in 2014 by Steinberg [30],
and further investigated by Huleihel and Steinberg [31]. The
motivation is based on the engineering aspects of modern
communication networks. In a dynamic ad-hoc communication
setup, the availability of resources, such as bandwidth, time
slots, and energy, is not guaranteed a priori, since their
availability depends on parameters that the network designer
does not control. For example, cooperation can depend on
the battery status of intermediate users (relays or repeaters),
on weather, or simply the willingness of peers in the network
to help. A typical situation, therefore, is that the users are
aware of the possibility that cooperation will take place, but it
cannot be assured before transmission begins. Our framework
is inspired by Steinberg’s model [30]. The classical models of
unreliable cooperation mainly focus on dynamic resources in
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multi-user settings, such as the multiple-access channel [32]
and the broadcast channel [33], [34], [35]. Other approaches
for unreliable communication links include the outage analy-
sis [36], [37], automatic repeat request (ARQ) [38], [39], and
cognitive radios [40]. Our focus here, however, is on a point-
to-point quantum channel and the reliability of static resources.

In this paper, we consider communication of either classical
or quantum information over a quantum channel, while Alice
and Bob are provided with unreliable entanglement resources,
as the communicating parties are uncertain about the avail-
ability of entanglement assistance. Specifically, Alice wishes
to send two messages, at rates R and R’. She encodes both
messages using her share of the entanglement resources, as she
does not know whether Bob will have access to the entangled
resources. Bob has two decoding procedures. If the entangle-
ment assistance has failed to reach Bob’s location, he performs
a decoding operation to recover the first message alone. Hence,
the communication system operates on a rate . Whereas if
Bob has entanglement assistance, he decodes both messages,
hence the overall transmission rate is R+ R’. In other words, R
is a guaranteed rate, and R’ is the excess rate of information
that entanglement assistance provides. We define the capacity
region as the set of all rate pairs (R, R’) that can be achieved
with asymptotically vanishing decoding errors. We establish
a regularized characterization for the classical and quantum
capacity regions. We are developing reliability by design. If the
entanglement resource is unreliable, then the rate R can be
guaranteed regardless. For the applications mentioned above,
this is of central importance, because absolutely critical data
can be transmitted at rate R and the communication does not
break down.

The communication design makes a compromise. In gen-
eral terms, the extreme options are to use the entanglement
resources to the fullest extent, or ignore them completely.
Those extreme strategies attain the corner points of the capac-
ity region. The former strategy achieves the point (0, R'),
and the latter achieves (R,0). A communication protocol
that relies heavily on the entanglement resources reaps the
benefits of entanglement to a high extent, if the assistance is
present. However, if the entanglement generation fails, then
the transmission rate will be very low. That is, the excess
rate R’ will be close to optimal, while the guaranteed rate R
will be low. If the designer decides to sacrifice excess rate
and reduce R/, ie. reduce the gain from the entanglement
resources, then we can guarantee a higher transmission rate.
Our results characterize the optimal tradeoff.

Consider the simple scenario of a noiseless qubit channel
id4_.p, for which we have two elementary communication
methods:

1) Send one classical bit of information.
2) Employ the super-dense coding protocol in order to send
two classical bits, as illustrated in Figure 1.

The first method is optimal without assistance, while the
second is optimal when entanglement assistance is present.
If Alice follows the super-dense coding protocol, but the
entanglement resources do not reach Bob’s location, then Bob
measures a qubit that has no correlation with the information
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Fig. 1.
resources fail to reach Bob’s location.

bits. In the framework of unreliable entanglement assistance,
Method 2 achieves a zero guaranteed rate and an excess rate
of two information bits per transmission. Suppose that Alice
employs time division: She sends (1— \)n transmissions using
Method 1, and An transmissions following Method 2, where
0 < X < 1. Hence, the communication system operates on
a guaranteed rate of R = 1 — )\ information bits per trans-
mission, and an excess rate of R = 2\ information bits per
transmission. We show that the time division region is optimal
for the noiseless qubit channel. Nevertheless, we demonstrate
that time division can be strictly suboptimal for a very simple
noisy channel.

The analysis is based on a novel method that is inspired
by the classical network technique of superposition coding
(SPC) [41]. Originally, the classical SPC scheme consists of
a collection of sequences u™(m) and v™(m,m’) of length
n, where m and m’ are messages that are associated with
different users in a multi-user network. The sequences u™(m)
are called cloud centers, while v™(m,m’) are displacement
vectors, and the codewords ¢ (m, m') = u™(m) + v™(m, m’)
are thought of as satellites. In analogy, we use conditional
quantum operations that map quantum cloud centers to quan-
tum satellite states. Suppose that Alice and Bob share an
entangled state ¢ a priori. Each cloud center is associated
with a classical sequence z™(m), and at the center of each
cloud there is a state, o, = ]—'("’”n(m))(go), where F("(m))
is a quantum encoding map that is conditioned on x™(m).
Applying random Pauli operators that encode the message m’
takes us from the cloud center to a satellite p,, ., on the
cloud that depends on both messages, m and m’. The channel
input is the satellite state. See Figure 2. Bob decodes in two
steps. First, Bob recovers the cloud, i.e. he estimates m. If the
entanglement assistance is absent, then Bob quits after the
first step. Otherwise, if Bob has entanglement assistance, then
he continues to decode the satellite m’. We show that even
in our fundamental point-to-point setting, quantum SPC can
outperform time division.

II. DEFINITIONS AND RELATED WORK
A. Notation and Information Measures

The quantum state of a system A is a density operator p on
the Hilbert space H 4. The set of all such density operators is

=>
[\

)
)

Super-dense coding with unreliable entanglement assistance. The blue lines indicate the bits and qubits that are affected when the entanglement
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Fig. 2. Superposition coding (SPC): The quantum version.

denoted by #(H 4). A measurement of a quantum system is
a set of operators {A;} that forms a positive operator-valued
measure (POVM), i.e. Aj > 0 and Zj Aj =1, where 1 is the
identity operator. According to the Born rule, if the system is
in state p, then the probability of the measurement outcome j
is given by Tr(A;p). The trace distance between two density
operators p and o is ||p — ol|;, where ||F||; = Tr(VFTF).

Given a bipartite state p 4 on H 4 ®H g, define the quantum
mutual information as

I(A;B), = H(pa) + H(pp) — H(pag), (1)

where H(p) = —Tr[plog(p)] is the von Neumann entropy
of the state p. Furthermore, conditional quantum entropy and
mutual information are defined by H(A|B), = H(pap) —
H(ps) and I(A;BIC), = H(AIC), + H(BIC), -
H(A, B|C),, respectively. The coherent information is then
defined as

I(4)B), = ~H(A|B),. @)

The maximally entangled state between two systems of dimen-
sion d is denoted by |®sp) = ﬁ Z;l;é |7) 4 ® |7) g» Where
{l7) 4} and {|j) 5} are respective orthonormal bases.

We also use the following notation conventions. Calligraphic
letters X, )V, Z, ... are used for finite sets. Lowercase letters
x,y, 2, ... represent constants and values of classical random
variables, and uppercase letters X,Y, Z, ... represent random
variables.
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We use 27 = (x1, 22, ..., x;) to denote a sequence of letters
from X, and [i : j] for the index set {i,i 4+ 1,...,j}, where
j>i

B. Quantum Channel

A quantum channel maps a state at the sender system to
a state at the receiver system. Formally, a quantum chan-
nel Na_p : S (Ha) — L (Hp) is defined by a linear,
completely positive, trace preserving map N4_.p. In the
Stinespring representation, a quantum channel is specified by
Na_p(pa) = Trg(UpaUT), where the operator U is an
isometry, i.e. UTU = 1. We assume that the quantum channel
has a product form: If A™ = (A,,...,A,) are sent through
n channel uses, then the input state p 4~ undergoes the tensor
product mapping Nan_pgn = N§" 5. The sender and the
receiver are often referred to as Alice and Bob.

C. Coding With Unreliable Assistance

We give coding definitions for communication with unre-
liable entanglement resources. We denote Alice and Bob’s
entangled systems by G4 and G g, respectively.

1) Classical Codes:

Definition 1: A (2" 2"F" n) classical code with unreli-
able entanglement assistance consists of the following: Two
message sets [1 : 27%] and [1 : 2"F], where 2"F, 2nF
are assumed to be integers, a pure enta/ngled state U, ¢y
a collection of encoding maps F/" 1. : S (Hg,) —
S (HE™) for m € [1: 277 and m’ € [1 : 277'), and two
decoding POVMs Dpng, = {Dmm } and D, = {D},}.
We denote the code by (F, ¥, D, D*).

The communication scheme is depicted in Figure 3. The
sender Alice has the systems G 4, A™ and the receiver Bob
has the system B", and possibly Gg as well, where G 4
and Gp are entangled. The model captures two scenarios,
i.e. when entanglement assistance is present or absent. This is
illustrated in Figure 3 by an imaginary switch that controls the
assistance. Without assistance, Bob is only required to decode
one message, and given entanglement assistance, he should
recover both messages.

Specifically, Alice chooses two classical messages, m €
[1: 27B] and m/ e [1 : 2"%]. She applies the encoding
channel }“g;i an to her share of the entangled state Vg, G5,
and then transmits A™ over n channel uses of N4_, 5. Bob
receives the channel output B™. If the entanglement assistance
is present, i.e. Bob has access to the entanglement resource
G, then he should recover both messages. He combines the
output with the entangled system G g, and performs the POVM
Dpniy = {Dm,m} to obtain an estimate (1, m’).

Otherwise, if entanglement assistance is absent, then Bob
does not have Gp, and he is only required to recover m.
Hence, he performs the measurement Dpn = { D} } to obtain
an estimate " of the first message alone. In the presence of
entanglement assistance, the conditional probability of error
given that the messages m and m’ were sent, is

pP™  (F 0, D)=

elm,m’
1= Tr[Dyps NG 5 @1d)(F™™ @id) (Y6, 65)]  (3)
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Fig. 3. Illustration of unreliable entanglement assistance that is controlled by
an imaginary switch. The quantum systems of Alice and Bob are marked in
red and blue, respectively; Alice encodes the messages m and m’ by applying
the encoding map fggﬁ an to the system G 4, which is entangled with G .
The model assumes that entanglement assistance may fail to reach Bob. Thus,
there are two scenarios: (a) “On”: Bob performs a measurement Dpn g, in
order to estimate m and m’. (b) “Off”: Bob performs a measurement D*B'n
to estimate m, and does not recover m’, as he cannot access G g.

and without assistance,

prm)
e|m m’

}m,(\IIGA) .
4)

Notice that the encoded input remains the same, since Alice
does not know whether entanglement assistance is present or
not. Therefore, the error depends on m and m’ in both cases.

Given ¢ > 0, we say that the code is a (2”R,2”R/,n,s)
classical code if the error probabilities are bounded by e.
That is, P\ (F,¥,D) < e and P\ (F,¥,D*) < e
for all m € [1 : 2"F] and m’ € [1 : 2"%]. A rate pair
(R, R') is called achievable if for every € > 0 and sufficiently
large n, there exists a (2"F 2"%' n_ ¢) code with unreliable
entanglement assistance.

The classical capacity region Cga«(N) with unreliable
entanglement assistance is defined as the set of achievable
rate pairs.

Remark 1: Our model accounts for two extreme cases, i.e.
either the entire entanglement resources are available or not
at all. In digital communications, this approach is referred to
as a hard decision [42]. Here, the decoder performs a hard
decision on whether the entanglement resources are usable or
not. In analogy to the classical cooperation model [31], our
model is based on the engineering aspects and the architecture
of modern communication networks. We expect that quantum
communication networks in the future will follow similar

(F, 0, D*) =1 —Tr[D* NG F
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reliability guidelines. In particular, we envision that in a large
quantum communication network, the availability of entangle-
ment resources will not be guaranteed a priori. For example,
entanglement resources will depend on physical conditions
such as the weather, on the status of quantum repeaters, or the
willingness of peers to help. In such a network, the transmitter
and the receiver are aware of the possibility that entanglement
assistance will be available, but it cannot be assured before
transmission begins.

Remark 2: In practical systems, heralded entanglement
generation guarantees that Bob knows whether the procedure
was successful or not. Thus, our assumption that Bob knows
whether the entangled resource is present or absent is a prac-
tical one. Specifically, in optical communication, both Alice
and Bob prepare an entangled photon pair or spin-photon pair
locally, see Figure 4. Let us denote the pairs by |®¢, p,) and
|®¢,, Py ) Tespectively, where P4 and Pp represent photons.
In order to generate entanglement with Bob, Alice transmits
the photon P4. If the photon transmission was successful, then
Bob has the two photons P4 and Pg in his lab, as well as the
quantum system G g. In this case, a Bell measurement on Py
and Pp eliminates the photons, but the remaining systems of
Alice and Bob, G 4 and G, become entangled. If the photon
has not reached Bob, then the measurement outcome indicates
SO.

Remark 3: It is important to note that unreliable assistance
is not equivalent to noisy assistance, which was considered
by Zhuang et al. [27]. In particular, we do not associate
a statistical model to the availability of the entanglement
resources. Instead, we consider a rate region that reflects
the tradeoff between the guaranteed rate and the excess rate.
The guaranteed rate R corresponds to information that Bob
recovers whether the entanglement assistance is present or not,
while the excess rate R’ represents the additional information
that is sent if entanglement assistance is present. In other
words, the rate R represents the worst-case scenario, whereas
R’ is associated with the best-case scenario. As opposed to
the average performance that is considered in the statistical
model [27], we provide a worst-case best-case performance
analysis. In the next remark, we give an illustration.

Remark 4: To illustrate the reliability approach, consider
the following metaphor. IV travelers are embarking on a long
journey on a ship that may have a varying number of lifeboats.
Overall, the lifeboats can accommodate L travelers. In the
event that the ship sinks, (N — L) travelers will be rescued
and brought back to their starting point, and the journey will
continue with the remaining travelers in the lifeboats. The
speed of the ship is V' = V(N, L), and the speed of the
lifeboats is vg. If the ship does not sink, the speed of each
traveler will be V. However, if the ship sinks, the travel speed
will be calculated as the average speed of the lifeboats, R =
(L/N)vg. In this case, R represents the guaranteed speed of
travel for the remaining travelers, and R’ = V — R represents
the excess speed that the ship would have provided. Using
more lifeboats will increase the guaranteed speed of travel,
but decrease the excess speed, while using fewer lifeboats
will have the opposite effect. It is important to consider both
speeds, R and R/, rather than just the average speed, when
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Fig. 4. Heralded entanglement generation.

planning for the worst-case scenario of the ship sinking. In the
result section, we will discuss the option of dividing the
travelers between different ships, and the advantage that may
arise if a traveler can be in a quantum superposition between
two ships.

2) Quantum Codes: Next, we give a definition of a quantum
code with unreliable entanglement assistance.

Definition 2: A (2"? 2"?" n) quantum code with unre-
liable entanglement assistance consists of the following: A
product Hilbert space Hjs ® Hj; with dimensions |H | =
2"Q and [H ;| = 2M@*Q"), a pure entangled state U, ¢,
an encoding channel Fg, i an S (Ha, @ Hu ®
Hyy) — - (HY"), and two decoding channels D, ,
S (MG @ Hay) — 7 (Hy) and Di,
S (Hur). _

The sender Alice has the systems G 4, M, M, A" and the
receiver Bob has the systems B", M, M, and possibly G,
where G4 and G'p are entangled. We think of M and M as
quantum message systems. Alice has a product state 0y @& ;.
Let |0nk) @ |€57) be a purification of Alice’s state, while
K, K are arbitrary purifying systems. Alice encodes the input
state by applying the encoding channel F¢ , prpr—an t0 M,
M, and to her share of the entangled state ¥¢, ¢,, and
transmits the system A™ over n channel uses of N4_. 5. Bob
receives the channel output systems B". If the entanglement
assistance is present, then he combines the output with the
entangled system Gp, and applies the decoding channel
DB" Gy Otherwise, if entanglement assistance is absent,
then he performs Dy, ..

Given € > 0, the code is said to be a (Z”Q,Q”Ql,n,s)
quantum code with unreliable entanglement assistance if the
trace distance between the original state and the resulting state
at the receiver is bounded by ¢ in each scenario, i.e.

1
5 xr = DN F (Orric ® &aie © Yans)|, < e
@)

and
1
B H@MK — DN s F (O ®@Epg ® \IIGA)Hl <e
(6)

where ||-||; denotes the trace norm. Observe that the second
error depends on the entangled state only through the reduced
state of (G4, since the receiver does not have access to G in
the scenario of absent assistance. A rate pair (@), Q') is said to
be achievable if for every € > 0 and sufficiently large n, there
exists a (2"?,2"Q" n ) code with unreliable entanglement
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assistance. The quantum capacity region Qga+(N) is defined
in a similar manner as before.

In the following remark, we discuss the relation between
the classical and quantum formulations above. In many com-
munication models in the literature, it does not matter whether
the messages are chosen by the sender Alice, or given to her
by an external source. However, in the quantum model, there
is a fundamental distinction between the general task of sub-
space transmission and remote state preparation, as we explain
below.

Remark 5: In the classical code in Definition 1, if entan-
glement assistance is present, then Bob decodes the composite
message m = (m,m’). Hence, the overall transmission rate
with entanglement assistance is Rga = R + R’. In the
quantum code in Definition 2, M and M are two independent
systems of dimensions 2"? and 2"(@+Q"). Hence, the overall
quantum rate with entanglement assistance is Qpa = @ +
Q'. In some applications of quantum error correction, Alice
receives the system M from another source, and does not
prepare it herself. While Alice can perform any operation on
this system, she does not necessarily know its state in this
case. Due to the no-cloning theorem, Alice cannot duplicate
a general state of M either. Thus, our definition of quantum
transmission with unreliable entanglement describes a more
restricted problem.

D. Related Work

We briefly review known results without assistance and with
reliable entanglement assistance. We denote the corresponding
classical and quantum capacities with reliable entanglement
assistance by Cga(N) and Qga(/N), and without assistance
by C(N) and Q(N), respectively.

Define the following information measures: The channel
Holevo information

max

N) =
X(N) px (x),[¥3)

wxB = ZPX

reX

I(X; B).,
o) (x| © N(@5), 1X] < [Hal”, (D)

and the channel coherent information

I.(N) = max) I(A1)B).,

[pa;a
wa, B = ({dQN)(|pa,4)(Pa,al)s [Ha | < |Hal.  (8)

Observe that the Holevo information is maximized over
ensembles of pure states, while the quantum capacity is
maximized over entangled states. We will see the implications
of those properties in the results section. The classical capacity
theorem and the quantum capacity theorem are given below.

Theorem 1: The classical capacity of a quantum channel
N _, p without assistance is given by [16] and [17]

C(N) = lim k;X (NVEF). 9)

Theorem 2: The quantum capacity of a quantum channel
Na_. g without assistance is given by [19], [43], [44], and [45]
QW) =

lim %Ic(/\/@k). (10)

k—o0o
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Next, consider communication with reliable entanglement
assistance. The entanglement-assisted capacity formula turns
out to be the quantum analog of Shannon’s classical for-
mula [6], [7]. Define

IWN) = max)I(Al, B),,

[paga

wa,B = ({dQN)(|pa,4)(Pa,al)s [Ha| < |[Hal. (A1)

Theorem 3: The classical capacity and the quantum capac-
ity of a quantum channel N4_,p with reliable entanglement
assistance are given by [6], [7]

Qea (V) = 31N,

The classical capacity and the quantum capacity have dif-
ferent units, i.e. Cga(N) is measured in classical information
bits per channel use, whereas Qga(N) in information qubits
per channel use. Nonetheless, the capacity values satisfy
Qea(N) = 2Cpa(N), given reliable entanglement assistance.
This relation can be inferred from the fundamental single-
unit protocols. Specifically, super-dense coding [46] is a well
known communication protocol whereby two classical bits are
transmitted using a single use of a noiseless qubit channel and
a maximally entangled pair. In the other direction, by employ-
ing the teleportation protocol [47], qubits can be sent at half
the rate of classical bits given entanglement resources.

12)
(13)

III. RESULTS

We establish a regularized characterization for the capacity
region with unreliable entanglement assistance, for the trans-
mission of either classical information or quantum informa-
tion.

A. Classical Communication

Let N4_.p be a given channel, and define
Rear(N) =

(R,R") : R< I(X;B).,
U { R'< I(Ay;B|X),

} (14)

PX, PAgA;, FE®)

with
wxaa =Y px(@)|2)(z|® ([de FL L) (paa,), (15)
zeX
wxa,p=((dONs_B)(wWxAa,a) (16)

Intuitively, the classical variable X is associated with the
classical message m, which Bob decodes whether there is
entanglement assistance or not. The reference system Ay can
be thought of as Alice’s share of the entanglement resources.
Since the resources are pre-shared before communication
takes place, the entangled state ¢ is non-correlated with the
messages. Alice encodes the message m’ using the encoding
operator F(*), Before we state the capacity theorem, we give
the following lemma. The property below simplifies the com-
putation of the above region and the achievability proof as
well.
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Lemma 4: The union in (14) is exhausted by pure states
|pa,4,) and with the cardinality of |X| < [Ha|* + 1.
The restriction to pure states is based on state purifica-
tion, while the alphabet bound follows from the Fenchel-
Eggleston-Carathéodory lemma [48], using similar arguments
that Yard et al. [49] use. The details are given in Appendix B.
Our main result on classical communication with unreliable
entanglement assistance is stated below.

Theorem 5: The classical capacity region of a quantum
channel M4_.p with unreliable entanglement assistance sat-
isfies

Reas(NE™). (17)

S|

CeasWV) =
n=1

The proof of Theorem 5 is given in Appendix C. In general,
there is a tradeoff between the rates R and R’, and we
cannot necessarily achieve the maximum rate for both of
them simultaneously. Intuitively, the excess rate R’ that is
provided by entanglement assistance depends on the level of
entanglement between the ancilla A; and the channel input A,
or equivalently, on how entanglement-breaking the encoding
map is. We give a more precise explanation below.

In the region formula in (14), we have a union over the
probability distributions px, states ¢4,4,, and collections
of mappings {]—'X)L 4}zex. The boundary of this region is
attained by optimizing over these objects. Observe that in order
for R’ to achieve the entanglement-assisted capacity, we may
set wa,4, as the entangled state that attains the maximum
in (11), and take .7-'51?_) 4 to be the identity map. Since the
output has no correlation with X, this assignment achieves
the rate pair (R, R') = (0,Cga(N)) (¢f. (11) and (14)).

To maximize the unassisted rate, set an encoding channel
FXL 4 that outputs the pure state |¢)%) that is optimal in (7),
ie.

FO (pa,40) = pa, ® VY. (18)

Such an assignment achieves (R, R’) = (x(N),0) (¢f. (7)
and (14)). In other words, the Holevo information is achieved
for an entanglement-breaking encoder.

Remark 6: Our model has a deep relation to the quantum
broadcast channel. We point out a heuristic connection, while
the precise formulation is delegated to the discussion section
(see Subsection IV-C). The characterization of the classical
capacity region in Theorem 5 clearly resembles the classical
SPC! region of the broadcast channel without assistance [50]
(see Theorem 2 therein). The difference is that here the
encoding involves quantum operations. Nevertheless, we can
portray a similar metaphorical image: Let m be an index over
27% clouds. Recall that the region formula in (14) involves an
ancillary state ¢ 4,4, and a collection of encoding mappings
{F@)} ,cx. Each cloud center is associated with a classical
codeword x™(m), and at the center of each cloud there is the
state @7, F@:(m) (). Applying random Heisenberg-Weyl
operators that encode the message m’ takes us from the
cloud center to a satellite on the cloud that depends on both

A superposition code should not be confused with quantum superposition.
The two notions are unrelated.
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m and m’. The channel input is the satellite state. See Figure 2.
Bob decodes in two steps. First, Bob recovers the cloud, i.e. he
estimates m. If the entanglement assistance is absent, then Bob
quits after the first step. Otherwise, if Bob has entanglement
assistance, then he continues to decode the satellite m’.

Remark 7: The results are very surprising when compared
with classical systems. SPC is a sophisticated network tech-
nique that is mainly used for multi-user channels or other
network configurations in order to achieve a tradeoff between
different users or resources. For example, consider a trans-
mitter X that communicates two messages over a classical
broadcast channel with two receivers, Y; and Y5, while each
message is intended for a different receiver. Of course, it is
not necessarily possible to maximize the transmission rates
for both users simultaneously. However, if the outputs are
identical, i.e. Y1 = Y5 =Y, then the capacity region is given
by the set of rate pairs (Rj, R) such that Ry + Ry < (1,
where C; the Shannon capacity of the point-to-point channel
Py|x. In such a simple case, the elaborate SPC scheme is
not needed, and the capacity region can be achieved by the
much simpler time division approach. That is, a concatenation
of two single-user codes is optimal.

In our model, we consider a point-to-point quantum channel
Na_p. Thereby, it may appear at a first glance as if time
division should be optimal, regardless of whether the channel
is noisy or not. In the example below, we show that time
division can be sub-optimal. To this end, we apply Theorem 5
with a quantum state |¢a,4,) that is formed by the super-
position of a product state and a maximally entangled Bell
state. Hence, despite the simplicity of this single-user point-
to-point model, one can outperform time division by inserting
a quantum superposition state into an SPC scheme.

Remark 8: Returning to our metaphor of travelers on a sea
journey, we now consider a division plan. In this scenario, N
travelers are divided between two ships: a light ship without
lifeboats and a heavy ship with lifeboats that can accommodate
all passengers. The light ship has a maximum excess speed of
R = V/(IV,0), but no guaranteed speed since it does not
have any lifeboats (L = 0). The heavy ship, on the other hand,
has a high guaranteed speed of Rpeavy = g, but a low excess
speed of Ry, Although the heavy ship is less efficient, it is
more reliable. By dividing the passengers between the two
ships, we can achieve an average speed pair of (R,R') =
(1 = A) (Biights Riigh) + A(Bheavy, Rieavy)s Where A represents
the fraction of passengers on the heavy ship normalized by
the total number of passengers. Figuratively, our results show
that if the journey is subject to a quantum evolution, then we
may outperform the division plan by allowing travelers to be
in a quantum superposition state between the two ships.

To demonstrate our results, we give an example.

Example 1: Consider the qubit depolarizing channel

N(p) =(1 —E)p+€},

5 (19)

with € € [0,1]. The classical capacity without assistance is
given by C(N) = 1 — Hy(5), and it is achieved with a
symmetric distribution over the ensemble {|0),|1)}, where
Hy(t) = —tlog(t) — (1 —t)log(1 — t) is the binary entropy
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function [51]. On the other hand, the classical capacity with
reliable entanglement assistance is given by Cga(N) = 2 —
H ( ?Zf, 5D i) and it is achieved with a maximally
entangled input state [6].

A natural compromise is to mix the strategies above. Let
Z be an independent random bit that chooses between the
strategies, where Z ~ Bernoulli(\) for a given A € [0, 1]. That
is, we define F(®2) by F@0)(p,) = % and F@D = id.
Plugging X = (X, Z), we obtain the time-division achievable
region,

REA*

/
DU{RR
0<A<1

: R< (l—A)C(N)}
R < ACga(N) '

(20)

Next, we numerically compute an achievable region that
outperforms the time-division bound. Instead of using a clas-
sical mixture of the strategies, we use quantum superposition.
Define a non-normalized vector,

lug) = /1= B10) ®[0) + /3|®) . 1)
Then, set
|¢A0A1> ” ” | > (22)
11
Px = (2, 2) ) (23)
F)(p) = X*pX”, (24)

where X is the bitflip Pauli operator. Observe that for 5 = 0,
the input state is F(*)(|0)(0|) = |x)(x|, which achieves the
classical capacity without assistance. On the other hand, for
B =1, the parameter x chooses one of two Bell states.

Figure 5 depicts the resulting region for a depolarization
probability of € = % The triangular region below the dashed
red line is the time-division bound, which is obtained by a
classical mixture, whereas the solid blue line indicates the
achievable region corresponding to the superposition state
Hu [> as in (21).

For a noiseless qubit channel, time division is optimal.

Corollary 6: The classical capacity region of a noiseless
qubit channel with unreliable entanglement assistance is given
by the time-division region, i.e.

'}

{ (R, R) :

Proof: As explained in the introduction, to achieve the rate
pair (R,R') = (1 — X,2)), Alice and Bob simply perform
super-dense coding repeatedly, over a fraction of A of the
block, and communicate over the 0-1 basis in the remaining

R< 1-

R < 2\ (25)

Cras(id) = | J

0<A<1

part. To show the converse part, let (R, R') € ZRea«(N®™)
(see (16)), hence
1 n 1 n n
R< EI(XvB )cu = E[H<B )w_H(B ‘X)w]
1
<1- EH(B”\X)“, (26)
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and
/ 1 n
R' < —I(A;; B"[X).
n
1
< = 2H(B"|X).. @7
n
The last inequality holds since the quantum conditional

entropy satisfies |H(B| A),| < H(B), in general, hence

H(B"|A1X), = > ,px(x)HB"A,X = z), >
—> .px(x)H(B"|X = z), = —H(B"|X).. The converse
part for the corollary follows, as we define A = 2 H(B"|X),,.

B. Quantum Communication

Consider quantum communication over N 4_, g with unre-
liable entanglement assistance. Define

(@,Q) :
Lo () = Q < min{I(AL)B),, H(A|As).},
a4 |Q+Q < %I(AQ; B).,
(28)
with

wa, 4,8 = (IdQ@Na_B)(0a,4,4)- (29)

Theorem 7: The quantum capacity region of a quantum
channel A4, p with unreliable entanglement assistance sat-
isfies

gEA* ®").

(30)

3\>—‘

Qpas(N U

The proof of Theorem 7 is given in Appendix D.

IV. SUMMARY AND DISCUSSION

We summarize our results and compare the techniques in
our work and in previous works. We consider communication
over a quantum channel A4_ p, where Alice and Bob are
provided with unreliable entanglement resources. Suppose that
Alice wishes to send two messages, at rates R and R’. She
encodes both messages using her share of the entanglement
resources, as she does not know whether Bob will have access
to the entangled resources. Bob has two decoding procedures.
If the entanglement assistance has failed to reach Bob’s
location, he performs a decoding operation to recover the first
message alone. Hence, the communication system operates
on a rate R. Whereas if Bob has entanglement assistance,
he decodes both messages, hence the overall transmission
rate is R + R’. In other words, R is a guaranteed rate,
and R’ is the excess rate of information that entanglement
assistance provides. The communication setting is illustrated
in Figure 3, in which the resource uncertainty is represented
by the unknown position of a switch.

We define the capacity region as the set of all rate pairs
(R, R’) that can be achieved with asymptotically vanishing
decoding errors. The characterization of the corner points
(R,0) and (0, R’) already follows from previous results in
the literature (see Subsection II-D). However, our interest goes
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beyond those cases, as we focus on the tradeoff, and not the
extreme points. That is, we characterize the entire capacity
region.

In the transmission of quantum information, Alice chooses
a product state 05y @ &y; over Hilbert spaces of dimension
|Has| = 279 and |H ;| = 27(@+Q"). Alice encodes the input
state by applying the encoding channel F¢ , prpr—an t0 M,
M, and to her share of the entangled state Vg, g,, and
transmits the system A™ over n channel uses of N4_. 5. Bob
receives the channel output systems B”. If the entanglement
assistance is present, then he applies the decoding channel D
to the joint output B"G g in order to recover £;;. Otherwise,
if entanglement assistance is absent, then he performs D* on
B™ in order to recover 0);.

We have established a regularized characterization for the
classical and quantum capacity regions. The communication
design makes a compromise. We have seen that the unassisted
rate is high when the channel input is in a pure state.
Such an assignment achieves (R,R') = (x(N),0), where
X(N) is the Holevo information of the channel. On the
other hand, high excess rates are achieved when the encoder
preserves the entanglement between the input system and
the ancilla (see (14)). Such an encoding operation achieves
the rate pair (R, R') = (0,Cga(N)), where Cga(N) is the
entanglement-assisted capacity. Time division between these
coding strategies achieves the rate pairs (R,R’) = ((1 —
)\)X(N),)\CEA(N>), for 0 S A S 1.

In the simple scenario of classical communication over a
noiseless qubit channel, we have shown that the optimal strat-
egy is to perform time division between super-dense coding
and unassisted transmission over the 0-1 basis (see Figure 1).
For the noiseless qubit channel, the classical capacity region
with unreliable entanglement assistance is thus Cga.(N) =
Uog,\g1{(R7 R R < 1— ), R < 2A}. Nevertheless,
we established that time division is not optimal in general,
even for a simple noisy quantum channel. Specifically, time
division is strictly suboptimal for the depolarizing channel (see
Figure 5).

Thereby, more advanced coding techniques are necessary to
obtain the full capacity region. Indeed, our characterization in
Theorem 5 and the coding method in the achievability proof

0.1 0.15
R

Achievable classical rate regions for the depolarizing channel with unreliable entanglement assistance, for a depolarization probability € = <.

2

are much more sophisticated than time division. The analysis
is based on a novel method that is inspired by the classical
network technique of superposition coding (SPC) [41]. Sur-
prisingly, this network technique yields an advantage even
for a simple point-to-point quantum channel. This advantage
is obtained by exploiting quantum superposition. That is,
we combine superposition coding with superposition states.

Next, we discuss capacity computation, the side-information
interpretation, and the consequences on the quantum broadcast
channel with one-sided entanglement assistance.

A. Computing Channel Capacities

For communication system design nowadays, it is crucial
to evaluate the current performance and how close it is to the
optimum [52], [53].

Classical commercial systems today already employ sophis-
ticated error correction codes with near-Shannon limit per-
formance [54], [55]. At the time of writing, a realization of
a full-scale quantum communication system that approaches
the Shannon-theoretic limits does not exist, and we can
only hope that future systems of quantum communication
will reach this level of maturity. Given a specific quantum
channel, e.g. an optical fiber channel with specific param-
eters, a practitioner is usually interested in computing the
channel capacity as a number. For such practical purposes,
a regularized characterization as in Theorems 1-2, 5, and 7
is not necessarily a problem (see a further explanation in
Remark 7 by the authors [29]). Yet, in Shannon theory, it is
generally considered desirable to establish a single-letter com-
putable capacity formula [56], [57]. Beyond computability, the
disadvantage of a regularized multi-letter formula of the form
lim,, oo %F(N ®"), is that such characterization is not unique
(see [58, Section 13.1.3]).

Under practical encoding constraints [57], regularized
capacity results yield computable formulas. Encoding con-
straints are particularly relevant when the transmitter has
access to a cluster of multiple small or moderate-size quan-
tum computers without interaction between them, and also
in nearest-neighbor qubit architectures [59], [60]. Consider
classical communication without assistance, as in Theorem 1,
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and suppose that the encoder’s quantum systems A™ are
partitioned into sub-blocks of a small size b, such that the
input state has the form py» = P ®pA§b+1 Q- Qpar_, -
As recently observed [57], the capacity of a quantum channel
Na_ g under an encoding constraint b > 0, is given by

O B) = 2x (V) (31
This formula is computable, since b > 0 is assumed to be a
small constant. This trivial observation and its consequences
can be extended to other models as well.

Another shortcoming of our results is that we do not have a
bound on the dimension of the ancillas A; and A5. One could
always compute an achievable region by simply choosing the
dimensions of A; and As. However, the optimal rates cannot
be computed with absolute precision in general. A similar
difficulty appears in other quantum models such as broad-
cast communication [61, Section VIII], the wiretap channel
[62, Remark 5], squashed entanglement [63, Section 1], and
state-dependent channels [64] [29, Section V].

B. Side Information Interpretation

We mentioned that our coding approach can be interpreted
as a quantum version of SPC (see Remark 6). Consider the
second decoding step for the message m'. As the message
m has already been estimated, we can think of z™(m) as
side information for this decoding operation. Thus, it is not
surprising that the bound on the excess rate R’ in (14) has a
similar form as in the capacity formula for a quantum channel
with classical side information at the encoder and the decoder
(see [65, Corollary 12]).

For the quantum capacity region, we point out a connection
to quantum side information. A quantum state-dependent
channel (Psa—.p,|0ss,)) is defined by a linear, completely
positive, trace preserving map Psa_.p and a fixed quantum
state |0sg,) [64]. We refer to the system S as a quantum
channel state. Given quantum side information, the encoder
has access to the system Sy, which is entangled with the
channel state system .S. This model can be interpreted as if the
channel is entangled with the systems S and Sy. The quantum
capacity with quantum side information and no assistance
is given by the regularization of the following formula (see
[29, Theorem 11]),

L(P) = sup (32)

PASAps=0s

min{l(A4)B)., H(A1]S),},

with wa, B = Psa—pB(pa,s4). Thus, we interpret the guar-
anteed rate () in (28) as the quantum coding rate, given access
to a channel state system As.

C. The Broadcast Channel With One-Sided Assistance

Beyond the heuristic connection, the mathematical formula-
tion of our problem is close to that of a broadcast channel with
one-sided assistance. Let Nzrf‘ng be a quantum broadcast
channel with two receivers, Bob 1 and Bob 2. Suppose that
Alice wishes to send a common message mg € [1 : 2] to

both users and a dedicated message m; € [1 : 2"F1] to the
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first user alone. That is, Bob 1 decodes both mg and m, while
Bob 2 is only required to decode mg. This model is referred
to as the broadcast channel with degraded message sets [50].
Now, assume that Alice and Bob 1 share reliable entanglement
resources ¢, G5, While Bob 2 has no resources at all.
The error criterion is the probability that at least one of the
receivers decodes erroneously. However, it is sufficient to con-
sider each receiver separately, since the coding performance

depends on the broadcast channel Arfd,ff%2 only through the
(2)

marginals Nzgll B, and N~ [66],

N (pa) = Trp, (N (pa)) (33)
NP (pa) = Trp, (N (py)) . (34)
Hence, achievable rate pairs (Rg, R1) can be defined in terms
of the following error probabilities,
P& (F, DY) =1-

el|mo,m1

Te[DY . (VUG @id)(F™™ ©id) (Ve ap,)] (35

mo,m1

for Bob 1, and

Pe(;\)mo,ml (F, ¥, D(2)) -

1= Te [ D@ NG From (wg, )| (36)

for Bob 2, where fgi“’i”j‘n is the encoding map, while
Dg;l Bp = {Dfﬁgml} and D%)L = {Dﬁ,z(),} are the decoding
maps of Bob 1 and Bob 2, respectively.

Observe that the error definitions above are analogous to
those of the classical capacity region with unreliable entan-
glement assistance in Definition 1, where m and m' are
replaced by mo and mq, respectively. Although, the error
probabilities for the broadcast channel depend on two different
channels, N'® and N'(?). The same methods as we used in this
paper show that the classical capacity region of the quantum
broadcast channel with one-sided entanglement assistance is
given by the regularization of the following formula,

RQ ( Nbroadcast) —

(Ro,R1) : Ry < I(X;B3)

U Ry < I(Ay Bi|X)o

PXMPAOAI,]:(“”) R0+R1 < I(XAl,Bl)w
37

with
wxaa= Y px(@)|z) (e @ (d® F 1) (@a,a,),
TeEX

Wx A, BBy = (1d ® NF2E%, ) (pxa,4) - (38)

It is now natural to wonder whether this similarity extends
to the quantum capacity. However, in the transmission of
quantum information, Bob 1 and Bob 2 cannot recover
a common state due to the no-cloning theorem. That is,
quantum communication with degraded message sets is not
well defined (see [66, Section III.C]). Yet, the techniques
of Dupuis et al. [61], [67] for the quantum broadcast chan-
nel with dedicated messages were useful in our proof in
Appendix D, for the quantum capacity theorem with unreliable
entanglement assistance.
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APPENDIX A
INFORMATION-THEORETIC TOOLS

In this section, we give the basic information-theoretic tools
that will be used in the achievability proofs later on.

A. Quantum Packing Lemma

To prove achievability for the classical capacity theorem,
we will use the quantum packing lemma. Standard method-
of-types concepts are defined as usual [57], [58]. We briefly
introduce the notation and basic properties while the detailed
definitions can be found in the references [57]. In particular,
given a density operator p = > px (z)|z)(z| on the Hilbert
space Ha, we let A%(px) denote the J-typical set that is
associated with px, and 119, (p) the projector onto the cor-
responding subspace. The following inequalities follow from
well-known properties of d-typical sets [68],

Tr(T1°(p)p®") > 1 —¢ (39)
27n(H(p)+c6)H5(p) < H6 (p) p®n H6 (P) < 27n(H(p)fc§)

(40)

Te(I1(p)) < 2"+ (41)

where ¢ > 0 is a constant, and € > 0 tends to zero as 6 — 0.
Furthermore, for o = Y px (z)p%, let 1%, (0 5|z™) denote
the projector corresponding to the conditional J-typical set
given the sequence x". Similarly [58],

Te(I1 (o p|2™) phn) > 1 — &' (42)
2—n(H(B|X’)g+c’6)H6(UB|xn) < H5(03|{En) pa]c;l H5(03|{En)
j Q—n(H(B\X’){,—c’E) (43)

Te(I% (o p|a™)) < 2 (BIX )ote'd) 44)

where ¢ > 0 is a constant, ¢/ > 0 tends to zero as § — 0,
phn = Qi1 p.. and the classical random variable X is
distributed according to the type of z™. If 2™ € A%(px), then

Te(I (o) phn) =1 — &' (45)

as well (see [58, Property 15.2.7]).

The lemma below is a simplified version of the quantum
packing lemma in [69].

Lemma 8 (Quantum Packing Lemma [69]): Let

P_ZPX

zeX

)P, (46)

where {px(z),ps}zex is a given ensemble. Furthermore,
suppose that there is a code projector II and codeword
projectors [T, 2™ € A°(px), that satisfy for every a > 0 and
sufficiently large n,

Tr(Ilp,n) >1 -« (47
Tr(In pen) > 1 — (48)
Tr(Ilyn) <2 (49)
p®"I = 27 P[] (50)
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for some 0 < d < D with p;n = @, ps,. Then, there
exist codewords z"(m), m € [l : 2", and a POVM
{Am}mei:anr), such that

Tr (Ampx”(m)) >1-— 9—n[D—d=R—en(a)] (51)

for all m € [1 : 2], where €, (a) tends to zero as n — 0o
and o — 0.

B. The Decoupling Theorem

To prove achievability for the quantum capacity theorem,
we will use the decoupling theorem [70]. Before we state
the theorem, we give an intuitive explanation in the spirit of
[58, Section 24.10]. Consider a quantum channel A4 _, g with-
out entanglement assistance. Let |0y, ) be a purification of
the quantum message state 0;, where K is Alice’s reference
system. Suppose that |[¢)xpngny,) is a purification of the
joint state of Alice’s reference system K, the channel output
B™, and Bob’s environment E™, with a purifying system
Ji. Observe that if the reduced state ¢k pgnj, is a product
state, i.e. YxgEny, = Ox @ wgny,, then it has a purifica-
tion of the form |0px) @ |wgn s, J,). Since all purifications
are related by isometries [58, Theorem 5.1.1], there exists
an isometry Dpn_. g, such that |0yk) ® |wgng, )
Dpn_rg, |WrBnEng, ). Tracing out K, E™, Jy, and Ja,
it follows that there exists a decoding map Dpn_,j); that
recovers the message state, i.e. 0yy = Dpn_,pr(¢pn). There-
fore, in order to show that there exists a reliable coding
scheme, it is sufficient to encode in such a manner that
approximately decouples between Alice’s reference system
and Bob’s environment, i.e., such that Y prnj, = Ox QwEn g, .

We will make use of the following definitions from [71].
Define the conditional min-entropy by

Hmirl(pAB|UB) = —loginf{)\ cR: PAB =< A- (]]-A ®O’B)}
Hmin(AlB)p = sup Hmin(paslos), (52)
opB

where the supremum is over quantum states of the system B.
In general, the conditional min-entropy is bounded by

—log |Hp| < Hmin(A|B), < log|Hal. (53)

To see this, observe that if we choose op = H o then
the matrix inequality pap = A(la ® op) holds for A\ =
|H |, hence Huyin(paplos) > —log|Hp|. As for the upper
bound, the matrix inequality implies that 1 = Tr(pap) <
AHa|Tr(op) = A|Hal, hence Huin(paglop) < log|Hal.
Furthermore, the lower bound is saturated when the joint state
of A and B is |®4p), whereas the upper bound for a product

state ‘ X pB-
Then “define the smoothed min-entropy by
mll’l (A‘B) max IIllIl(A|B) (54)
oap:dr(pap,ocap)<
for arbitrarily small ¢ > 0, where dp(p,0) =

\/1— ||\/ﬁﬁ ||i is the fidelity distance between the states.

As for the von Neumann entropy, conditioning cannot increase
the smoothed min-entropy, i.e. HS; (A|BC), < H:, (A|B),
[71, Lemma 3.1.7].
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The theorem below is due to Dupuis et al. [67], [70]).

Theorem 9 (Decoupling Theorem [70]): Let 04,k be a
quantum state, 74, _, g a quantum channel, and € > 0 arbitrary.
Define

war = T4, 5(Pa,a). (55)

Then,

/ |74, —£(Ua, pas k) — we @ Ok ||, dUa,
Ua

1

< 27 3 (AIB) + o (11KDo] 4 192 (56)

where the integral is over the Haar measure on all unitaries U 4.

The decoupling theorem shows that by choosing a uni-
tary U, uniformly at random, we can approximately decou-
ple between E and K provided that HS, (A|E), >
—H:,,(A1|K),. Uhlmann’s theorem [72] is often used along
with the decoupling approach to establish the existence of
proper encoding and decoding operations.

Theorem 10 (Uhlmann’s theorem [72] [67, Corollary 3.2)):
For every pair of pure states |t)4p) and |fa¢) that satisfy
lba —6all; < e, there exists an isometry Fp_.c such that

(1 ® Fp_c)as —0acll; <2y

APPENDIX B
PROOF OF LEMMA 4

Consider the region Rea. (N) as defined in (14). Fix ¢ 4, 4, »
px (), and {F{_,}. Let
R=1I(X;B)u,
R = I(A;1; B|X),.

(57)
(58)

We prove the lemma using similar techniques as in [57] and
[73]. It is easy to see that pure states are sufficient, as every
quantum state @ 4, 4, has a purification |4, s, 4, ). Since Ay is
arbitrary, we can extend it and obtain the same characterization
when Ay is replaced by Ay = (Ag, Jo).

To bound the alphabet size of the random variable X, we use
the Fenchel-Eggleston-Carathéodory lemma [48] and similar
arguments as in ;)revious works [49] and [57]. Having fixed

©AeA, and {fAOaA}, define

Wi =F) 4 (pa,)- (59)

Every quantum state p 4 has a unique and real parametric rep-

resentation u(p4) of dimension |H 4|> —1 (see [57, Appendix
B-B]). Then, define a map g : X — RI"al™+1 py

g(a:) = (u(wﬁ)v H(B|X = l‘)w, I(AI;B|X = m)w)

The map g can be extended to probability distributions as
follows:

G:px— Y px(z)g

zeX
(U’(WA)’

as wa = y_. px(x)w%. According to the Fenchel-Eggleston-
Carathéodory lemma [48], any point in the convex closure of
a connected compact set within R? belongs to the convex hull
of d points in the set. Since the map G is linear, it maps

(60)

(z) =

H(B|X)., I(A;; B|X),), (61)
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the set of distributions on X to a connected compact set
in RIHal+1, Thus, for every px, there exists a probablhty
distribution p5 on a subset X C X of size |H4|* + 1, such
that G(px) = G(px). We deduce that the cardinality of X
can be restricted to |X| < [Ha|> 4 1, while preserving w 4,
and thus, the output state wg = N (wa) as well, and the
mutual informations I(X;B), = H(B), — H(B|X). and
I(A1; BIX)..
This completes the proof of the lemma. [

APPENDIX C
PROOF OF THEOREM 5

Consider classical communication over a quantum channel
N4_.p with unreliable entanglement assistance.

A. Achievability Proof

We show that for every £g,09 > 0, there exists a
(27(F=d0) on(R'=90) g1 code with unreliable entanglement
assistance, provided that (R, R’) € Rga=(N). To this end,
we will use the quantum packing lemma [69], as presented
in Subsection A-A of the previous appendix. Recall that by
Lemma 4, it suffices to consider pure states. Then, let |¢g, a,)
be a pure entangled state on Ha, ® Ha,, and F(*) be a
quantum channel acting on .%(H 4,) (see (14)-(16)). Suppose
that Alice and Bob share |¢G1G2)‘§n.

As we explain below, we can restrict ourselves to isometric
encoding maps. For a moment, let us denote the channel input
by S, and consider the channel Ns_. g. In the derivation below,
we will use the encoding channel .7-"512)_, g- Every quantum

channel 7 " ¢ has an isometric extension F YT Since it

is an encoding mapping, we may as well take S to be Alice’s
ancilla. Then, let A = S5 be the augmented channel input.
We are effectively coding over the channel Na_.p, which is
defined by

Ns_p(Tr (62)

N’A—>B(pss) (Pss))

using the isometric map F,:)L A
From this point, we will focus on the quantum channel
Na_.p and use the encoding isometry FE!?—» - Define

|¢2G2> = (F:(x) & ]]-) ‘¢G1G2> )
= NV @id)(¥ig,)-

We will often use the notation [1)*") = @, |1)*). The code
construction, encoding and decoding procedures are described
below.

1) Code Construction: First, consider a classical codebook.
Let {z"(m) },nef1.2n7) be a set of 2"F classical codewords that
will be chosen later, in Subsection C-A5 below. We define
the encoding operators in terms of this classical codebook.
Denote the Heisenberg-Weyl operators of dimension D by
{S(a,0) = 242y}, where Sx = S i@ 1)@ 1)
and X7 = Y77 e/ P5)(j], for a,b € {0,1,...,D — 1},
w1thj69k—(j+k) mod D and i = /—1.

(63)
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Consider a Schmidt decomposition of the pure state in (63),

Wha) = Y \/pzix (o) [Ga) @ 1€ ), (65)

z€EZ

where pz x is a conditional probability distribution, while
{I€2.2)} and [€] ) are orthonormal sets. For every 2" € A"
and every conditional type class 7, (t|z™) in Z", define the
operators

Vt(am bt,Ct) = (—1)0‘2(%7 bt>7

at,bt 6{071,...7Dt—1}, ct € {0,1}, (66)
where D; = |T,(t|z™)| is the size of type class associated
with the conditional type ¢. Then, define the operator

(67)

Uly) = @ Vi(at, by, ct)
t

with v = ((a¢, b, ¢t)¢). Let I'zn denote the set of all possible
vectors 7.

For every m € [l 2nR] - choose 2" vectors
y(m!|z™(m)), m’ € [1 : 2"%'], uniformly at random from
['4n(m)- The mappings are revealed to both Alice and Bob.

2) Encoder: To send the messages (m,m’) € [1 : 2"F] x
[1:278'), apply the operators F'=:(™) and U (y(m/|z"™ (m))).
This yields the input state

Xivey) = UMY @ 1) 66", (68)
for z* = z"(m) and v = ~(m'|z"), where F(*") =
i, F@). Then, transmit A™ through the channel.

3) Decoder: Bob receives the systems B" in a state p'gfg;,

and decodes as follows. (i)

1) Measure B" using a POVM {A,;, },,,¢[1:2]- Denote the
measurement outcome by M.

2) If there is no entanglement assistance, declare m as the
message estimate.

3) If entanglement assistance is present, measure B"GY
jointly using a second POVM {1 jzn () } s e 1:2m -
Let ' be the outcome of this measurement. Then,
declare (i, ') as the estimated message pair.

The POVMs {A,,} and {Y,,/|zn ()} Will be chosen later in
Subsections C-AS5 and C-A6, respectively.

4) Code Properties: Before we go into the error analysis,
we show that Alice’s operations for encoding the second
message m’ can be effectively reflected to Bob’s side. To this
end, we will apply the “ricochet property” [69, Eq. (17)],

U®1)|Pap)=1UT)|Pap). (69)

Now, for every z" € X",
[y Pz xn (27[27) [€an n) © |Egn on)
znezn

(70)

where pzn|xn (2"2") = [T\, pz/x (2ix;). As the space Z"
can be partitioned into conditional type classes given z”,

4591

we may write
n
[Yhnay)

PP

tE€Pn(Z2) 2 €T, (t|z™)

= Y re G Y

tePn(Z2) zn €T, (tlz™)

Pz xn (2™ [27) [ 2n) @ |§;n,zn>

|§I",Z”> ® |§/r”,z”>

(71)

where 27’ is any sequence in the conditional type class
7. (t|z™). Therefore,

DORRVALCEDICAY
tePL(Z2)
where P(t|z") = Pyn xn(2{'|z™)|T,(t|z™)| is the conditional

probability of the type class 7, (t|s"), and
[©¢) =

[y (72)

Exn,zn) @ |Epn on) . (73)

VIT t| D TZH

Alice applies the operator U (y(m/|z™(m))) to the entangled
states. Since the state |®;) is maximally entangled, we have
by (69),

i) = (UG (m,m) @ 1) [y

= (1@ U (v(m,m")) [hagy), (T4
where [(%ncn) = Qizy [Vig,) (see (63)). By the same
considerations,
[Whngy) = (FC) @ 1) [da6,)""

= (1® F=NHT) |¢AG’2>®n-

That is, Alice’s unitary operations can be reflected and treated
as if performed by Bob.
Bob then receives the systems B™ in the state

pB"G" = (N®" ®id) (lecg)

= (Ve @id) (1@ UT (1) hhey (L8 U (1))
77

(75)

(76)

where N is as in (62), and the last line is due to (74). Since
a quantum channel is a linear map, the above can be written
as

Pl =1 UT(1)(WV @id)(§hngy) (1@ U (7))
=1 @ U™ (7)) whney (1© U (7).

5) Error Analysis Without Assistance: Recall that if entan-
glement assistance is absent, then Bob does not decode m/’.
Furthermore, since the decoder cannot measure G35 in this
case, we need to consider the reduced state p), " of the joint
output state pyg’ﬁfgg. Observe that by (78), the reduced output
state is

(78)

ya”(m) _e"(m)

Ppn = Wpn (79)

Thereby, the reduced output is not affected by the encoding
of the message m’ using v(m/|z™(m)), and we can use the
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standard results on classical communication over a quantum
channel without assistance.

Fix 0 > 0. Based on the HSW Theorem [16], [17], there
exists a codebook {2(m)} and a POVM {A,,} such that

A)=1- Tl"(Amp’Zg(:l [z™ (m)),z (m))

=1— Tr(Apwi™)
< 9~ n(X:B)o—R—51(9))

e\m m’ (‘F ¢G’1G’2

; (80)

where z"(m) € A%(px) for all m € [1 : 2"%] (see [58,
Section 20.3.1]). We use the notation ¢;(J) for terms that
tend to zero as  — 0. Thus, in the absence of entanglement
assistance, the probability of error tends to zero as n — oo,
provided that
R < I(X;B), —e1(9). (81)
6) Packing Lemma Requirements: In the error analysis with
entanglement assistance, we will use the quantum packing
lemma. Fix a sequence 2" € A%(px). Consider the ensemble
{p(y) = Phn Gg} for which the expected density
operator is

Ty nl’

LS o

YEL zn

ﬁ’fgnm (82)

Define the code projector and the codeword projectors by

I = I1° (wp|z") @ I (wg, |z™) (83)
I, = (1@ UT (7)) (wpa, ") (1 @ U*(y)), for v € Tyn
(84)

where TI°(wpg,|z™), I°(wp|z™) and TI%(wg,|z™) are the
projectors onto the conditional d-typical subspaces associated
with the states wig,, wp = Trg,(Whg,) and wWE, =
Trp(whg, ). respectively (see (64)).

Applying the bounds in [69, Appendix II] to the operators
above, we obtain

Te(Tlphy) > 1 - 262(9), (85)
TT(HVPBT%?;;) >1—e3(0), (86)
Tr(IL,) < 2nUH(BG2IX)w+24(0) 87)

HUBW/’”G;H < 9~ n(H(BIX)w+H (G2l X)wtes ()],
(88)

where ¢;(0) tend to zero as 6 — 0. Hence, the requirements
of the packing lemma are satisfied. Then, by Lemma 8, there
exist deterministic vectors (m’|z™), m’ € [1 : 2"%], and a
POVM {7,/ |zn }m'e[1:2"R’]v such that

)21—2

m/|z"),2"

—n[I(B;G2|X)w—
e PR nl1(B;Gs|X).,

R/—Eg(é)]

(89)

T (T,

for all m’ e [1: 2"%].
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7) Error Analysis With Entanglement Assistance: Suppose
that entanglement assistance is present, in which case Bob
estimates both m and m'. Hence, the error event is bounded
by the union of the following events,

&1(m) ={m # m}, (90)
E(m/) ={m/ #£m'}. 1)
Then, by the union of events bound,
P€(|n7r)L m’(]: d)G Gy OA) <
Pr(&1(m)) + Pr (& (m') | &5 (m)) . (92)

The first term corresponds to the measurement of {A,,, } above.
Based on our previous analysis (see (80)),

Pr (@@1 (m)) < 2—7L(I(X;B)w—R—E1(6)) , (93)

which tends to zero for a rate R as in (81).

Given &, Bob has recovered the correct m in step (i) of
the decoding procedure. Denote the joint lstate of the systems
B"GY after this measurement by anGEL ). As previously
observed [57], [74], by the gentle measurement lemma [75],

[76] and (93), the post-measurement state is close to the
original state in the sense that

v,2™ (m)
B‘VL Gg

~v,z"(m) _

P <UL Ra @)

5|7

S e7(0) 94)

for sufficiently large n and R as in (81). Therefore the distri-
bution of measurement outcomes, when p 2, an is measured,
is roughly the same as if the POVM A,, was never per-
formed. To be precise, the difference between the probability
of a measurement outcome 7’ when anGn is measured

and the probability when anG; is measured is bounded
by €7(d) in absolute value (see [58, Lemma 9.11]). There-
fore, by (89), the POVM T,/ |4n () satisfies Pr (&3 ]&F) <

2’”(I(G2"B|X)P’Rl’€8(5)), which tends to zero as n — oo, if

R < I(G2; BIX)., — es(9). (95)

Finally, we let Ag, A; replace G, G, respectively. Thus, the
probability of error tends to zero as n — oo provided that
R < I(X;B),—¢1(d) and R’ < I(Ay; B|X)., —es(d). This
completes the proof of the direct part.

B. Converse Proof

Suppose that Alice and Bob are trying to distribute random-
ness. An upper bound on the rate at which Alice can distribute
randomness to Bob also serves as an upper bound on the rate at
which they can communicate. In this task, Alice and Bob share
an unreliable entangled resource ¥ , . Alice first prepares
maximally corrleated states,

2nR

o O ) (m| @ ) ml

m=1

TKMK'M' =

2rLR'

W,Zw (m'| @ m'y(m'| | (96)
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locally. That is, K, M, K’, and M’ are classical registers
that store uniformly-distributed indices m and m'. Then, Alice
applies an encoding channel to the classical system M M’ and
her share G 4 of the entangled state ¥z, .. As Alice applies
Frrnir G ,—an, the resulting state is

ork angy = (1d@Fid)(mxkxmm @ Ya,cp)  (97)

After Alice sends the system A" through the channel, Bob
receives the system B™ in the state

WKK'GgB» E(id®N®n)(UKK'GBA")' (98)

In the presence of entanglement assistance, Bob performs a
decoding channel D, Gp NN which yields

Pric vy = (1d® D) (wkk Brgp)- (99)

If the entanglement assistance is not available, Bob performs

n_, x> Producing

E(ld@p*®ld)(w[{K/BnGB> (100)

PR KNG
Consider a sequence of codes (&, ¥, Dy, D7) of random-

ness distribution with unreliable entanglement assistance, such
that

5 Prcitsersn = Trcanscoar ll <an, (101

o~ macnel, < a3 (102
where p*I‘(M is the reduced density operator of p’;(K, G’

: 2B
while o,,a) tend to zero as n — oo. By the Alicki-

Fannes-Winter inequality [77], [78] [58, Theorem 11.10.3],
this implies

’H(K’|M’K)p — H(K'|M'K),

(103)
< ne; (104)

n’

|H(K N, — H(K|M),

where ¢,,, €}, tends to zero as n — 0.

Now, suppose that entanglement assistance is absent.
Observe that H(K),+ = H(K ). = nR implies I(K; M), —
I(K; M),- = H(K|M),- — H(K|M),. Therefore, by (104),

nR=I(K; M),
<I(K; M), + ne},

<I(K;B"), + ne;, (105)

where the last line follows from (100) and the quantum data
processing inequality [68, Theorem 11.5]. Here, the system
G need not be included since the decoding measurement D*
is only applied to B™.

We move to the case where entanglement assistance
is present. Similarly, I(K’; M'|K), — I(K'; M'|K), =
H(K'|M'K), — H(K'|M'K),. Therefore, by (103),

nR =I(K'; M'|K),
I(K'; M'|K), + nen,

<
<I(K';GgB"|K), + ne,

(106)

by (99) and the quantum data processing inequality. We must
include the entanglemet resource system Gp, since the
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decoder measures GpB". By the chain rule, the last bound
can also be written as

nR < I(K'Gp; B"|K), —
(K GB|K) +nen
<I(K'Gp;B"|K),+I(K';Gg|K),, + ne,
=I(K' GB,B”|K) + ney,

I(Gp; B"K),

(107)

where the equality holds since Gg and (K,K’') are in a
product state. To complete the regularized converse proof, set
X" = f(K) and A} = (K',Gg), where f is an arbitrary
one-to-one function from [1 : 2"%] to X™. This concludes the
proof of Theorem 5. [J

APPENDIX D
PROOF OF THEOREM 7

Consider quantum communication over N4_, g with unre-
liable entanglment assistance.

A. Achievability Proof

In the proof we follow Dupuis’ methods [67], originally
applied to the quantum broadcast channel.

At first we restrict the entanglement resources to a given
rate R.. That is, we assume |H¢, | = [He, | < 2%, We are
going to show that any rate pair (Q, Q') is achievable with
unreliable entanglement assistance if

0<Q < H(A|As), (108a)
Q < I(A))B), (108b)
Q+Q +R. < H(Ay), (108c)
Q+Q — R, < I(A3)B),, (108d)

for some w4, 4,4, Where A, Ao are arbitrary systems, and
wa, 4,8 =Na—p (Pa,4,4).

Let |¢a,4,47) be a purification of w4, 4,4. Then, the
corresponding channel output is
(109)

wa,A.8E87) = UN pg 64, 4,47)

where U} 5 is a Stinespring dilation such that

U pr(pa) = U pppa (UN_pp)T. _
Given a quantum message state 0); ® €57, let K and K be
reference systems that purify the message systems M and M,
respectively, i.e. such that the systems M, M, K, and K have
a pure joint state |0rx) @ |1 )s
and |Hy| = |Hy| = 27@+Q). Suppose that given reliable
entanglement assistance, Alice and Bob share an entangled
state |®g ,,) of dimension [Hg ,| = |Hg,| = 2"Fe.
Let VML Ap and VJEIG _Ap be arbitrary full-rank partial
isometries. That is, each operator has 0-1 singular values with
a rank of 2"? and 2(@+Q") respectively. Denote

08k = Virhap [0ar1c) (110)
e o i) = Vitesaong (€531) @ |6 60)) . (1D
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1) Decoupling Inequalities: First, we establish decoupling
inequalities. We introduce the following notation of operators
and channels. For every pair of Hilbert spaces H4 and Hp
with orthonormal bases {|i4)} and {|jp)}, respectively, define

the operator op 4 . 5(|1)aB)) by

opa—p(lia) ® i) = lin){iBlia. (112)

While the operation above depends on the choice of bases,
we will not specify these since it is not important for our
purposes. To generalize this definition to any state [ap),
consider its decomposition [¢)ap) = >, ;a;,; |ia) ®|jp), and

define op4_ 5([¢ap)) = Z” ai,jopa_p(lia) ®|jp)).
Consider the operators

Ma,—a,47 =V [Hay0Pa, 4, 45(Pay4,40),  (113)
A, —a,47 =V|Hal0pa, a,a7(Pa,4,47).  (114)

Given a pair of unitaries, Uglg and Uf;, define the following
quantum states,

U@

_ ®n @) (,,(2)
waparskey) =Ta—aasUsy Wing, ) > (119
(1) H®’n U(l) (1) 116
|WA"A”J" )= A — Ay AJ [Vang) - (116)

The corresponding channel outputs are then

W ikay) = UAL2E) ™" Wik skgy) (1)
|‘*‘)A’(‘%”E" nK) = (UAHBE)®W \WAfll,imw ) - (118)
Now, consider the operators
Hgf)—)A"J"KGB
VIR 0par L askGn (ngixnﬂ KGp)> (119)
HZ;ILA"J"K = [Ha,|" 0pAg—>A"J"K(wg;f)}"J"K)’
(120)

Ha, 4,47 = V[Ha, | [Hayl0pa, 4, a7(Pa,4,47), (121)

TU(2)

channels AP En IR G

and define the quantum

m
Tiy - pnynrc> and Ta,a,—.pg, by

U _
TA” B InRGy (PAT) =

Trpn {uAeBE(Hgf)—»A"J"KG’B(pA?))} 4 (122)
TU'g(iEanK(PAg) =
Trpn {UQLBE(HZ;LAUTLK(PA;))} ) (123)
Ta, a,—E5(Paya,) =
Trp [UA g (T, a—as(pa,as))] - (124)

According to [67, Lemma 2.7],
opa_.c(pac)|taB), hence

ops_p(VaB)|pac) =

2 1) (1 €)
T2 iy UV 6) = T grnk

1 (1
_TEZQeEJ(UIg”)w( )K®U wA"KGB)

(2),,(2)
(U g QZJA;"KGB)

(125)
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Applying the decoupling theorem, Theorem 9, to the chan-
nels in (122)-(123), we obtain

U® 1) (1)
/U ||TnﬁE,LJnKGB(UA? ar)
Al

u® (1)
— Ok @Wgn gy H1 d UA;l

< 2_2[ HEi (AT|E" I KGR) ) (2) —"Q] +12¢ (126)
and
/U ) 1752 e s e UG5 )
—{g® wgijnﬂ d U(Q")
- 2_2[ mun(AFIE" T K) ) —n(Q+Q —R.)| +12e. (127)

Using (125), we can rewrite those decoupling inequalities as
n (1) (2),,(2)
/U 157, - o US04 © U S k)
AT

U@

_0K®wEnJ"KGB dUgln)

. 2_2[ win (AT |E"J"KGp)_(2) —n(Q— ‘“")], (128)
and

[ TR sl oo,

— k], d US)

§27§[ min(AZ|E"TMK) *"(QJFQLRCJ“O""")], (129)

where o, — 0 as n — oo. The last bounds tend to zero
provided that

Q<
Q+Q/7Re<

An‘EanKGB) v@ — O1p, (130)

lTlln (

AZ|E"J"K) ) — aze. (131)

m1n (

This is close to What we would like to show. How-

ever, we need the encoder to be an isometry, and
U [IAC . ..

we need to replace w ) in the inequalities
above by w. Applying the decoupling theorem, with

2 @)
TAU"HKGB (pA{’) = TI'Aan [HZ’EL*,An Jnf(GB (pAT )] and
’TAn_,(c(pAn) = Tr[ILap — aran g (pag)], we obtain

u® 1

/ Trangn [HA"HA“JT‘KGBU&% ,(4;21(]

UA;L

~ Ok @i, | d UL

S 2_2 { min (AT |KGB) u(2) _n(Q+a3n)]’ (132)
and

.., Ik, e v a0
- /U 1734 ka,) — x © o, d US)
N

< 2—%"[H(Az)(b—(Q+Q’+ReJrcum)]7 (133)
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which tend to zero for

Q < mln(An|KGB) U(2)
Q+Q +R. < H(A2)¢ — Qup.

(134)
(135)

— Q3p,

We will use these decoupling properties in order to obtain
the encoding map, by applying Uhlmann’s theorem (see The-
orem 10). However, before that, we give the bounds on the
smoothed min-entropies.

2) Entropy Bounds: We would like to bound the
min-entropies in (130)-(131) and (134). We begin with the
min-entropy Hlln(A"|KGB) u(2 . Suppose that ¢y ap an jn
is a state such that

|Bazagansm = 05a,as ), < 220 (136)
and
Hmin(AﬁATzL)J; = Hmin(AﬁA;)(b’ (137)
Define
U2
HA"—»KGB
H s U Wi, @ L), (138
| AS|OpAS‘>KGB( MG o— AL YiiGaapr)) (138)
hence
U® u® n
|wA’fA"J"f(GB> HA"—>KGB |¢§1A2AJ>' (139)
Consider a decomposition of the operator (qB — ¢®™) into
its positive and negative parts,
bapazansn = 0 apas = Dr = Ao, (140)

where A, A_ > 0 have a disjoint support. Hence, by (137),
Tr(Ay) < 2e5. We note that

U (2)
/U HA;HRGB (PAS) dUAg
Az

~ U(2)T

U@
H Ag—>]_(GB

= Tr(Pay) - Ap—RKGp (141)

Thus,

U<2) (2)
HAn-»KGB(‘bAlAZAJ 1dU n

..

(2)
<Tr (HZMKG

U@
HA,LHKGB (Gapagann)

(2) 2
M5, e, (Bs — A,)Hl U]

(A+)) + Tr (Hgi’)—J{GB (A- ))
< 4e,

which, in turn, implies

J

U@ 2
M9, ey (0504,0) ) dUS) < 250,

U( ) 7
A"—»KGB (¢A?AE’A"J")7

(143)
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based on the relation between the fidelity and trace distance
[58, Corollary 9.3.1]. We deduce that

[ AR G) i U 2 i (471,
A‘Il
(144)
For ¢g = %, we obtain
/ n mm(An|KGB) u(2) dU}é? Z H(A1|A2)¢, — Q5p,-
Uap

(145)

By the same considerations,

1 1
/[UAn n mm(An|Ean ) u(@) dU,(A?)

Z H(A2|EDA1)w — Qlgnp
= _H(A2|B)w — Qgn
= I(A2)B). (146)

— Qpn

and
1
/U Hi (A7 |E" T K Cp) o U
an

Z H(A1|EDA2)U_) — Q7p

= I(A1>B)w — Q7p. (147)

Therefore, there exist unitaries U,(M) and Ufz) that satisfy
the following inequalities,

‘ AP —AnJnKGp

<2—%"[H(A1\A2)¢ Q- ﬁn]

n 2
||T1§§A2—>EJ(UA" ’(pA"K ® U(")q’bA“KGB)

@)
~ Ok © W i s

27%n[I(A1>B)w7Q*ﬁn]

n 2 2
||T/(!81A2~>EJ(UA" K ® U( )1/}( ) )

U@
RGB 1

(148)

HU(2)

Tran gn | 1(41{1)1#1(41;2[(] -0k Quw

(149)

ek ® Wl

< 9—3nll(A2)B)u— (Q+Q —Re)—ﬁn]’ (150)
i, — € ® Ponll,
= |78 U k) — 65 © 2as
< 9= 3n[H(A2)s—(Q+Q"+Re) ] , (151)
for some [, that tends to zero as n — oo, as the first

inequality follows from (132) and (145), the second from (128)
and (147), the third is due to (129) and (146), and the last holds
by (133).

3) Encoding: By the triangle inequality, (148) and (151)
yield

(2) 1 1
HTI'Aan [HZ"—AA"J"KGBU(")Q/)( ) } 70K®§R®®G5 1
< 6enc(n)7

(152)
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where

Sene(m) = 2~ 3n1H (411 42)o—Q=fr)

4 9—3n[H(A2)e—(Q+Q +Re)—fn] (153)

Based on Uhlmann’s theorem, it follows that there exists an
isometry Fy g, — angn such that

ISLOICY

U@
| APK

AP AN R KRG Y AT

‘ 1

4) Decoding Without Assistance: By applying the isometric
extension of the channel to the states on the LHS of (154) and
using the triangle inequality and the monotonicity of the trace
distance under quantum channels, we obtain

— Fynigaoangn(Our @ &g @ Peacp)

< 24/ enc(n). (154)

qU® (1),,(1)
H A;L—>E"J"I_<GB(UA§L Yark)
— Trpn [(UAL 5) " Fars
" A—BE MMGas—A"J™

(Oriic @ Exric ® D)) < 2V0ucm). (159)

By (125), the inequality above can also be written as

n 1 1 2 2
HT/%AQHEJ(U./%?){/};;K ® Ux(éxg)w,(ax;)LKGB)
— Trpn [(UA 56) ™" Farsic o angn

(Oriic @ Euric ® Paan)] ||| < 2V0um). (156)

Together with (149), this implies

HTTB" (U 52) " FaritGa— an
@
Ok @&ur ® ¢GAGB)} — 0k ® WganRGB

< 2¢/0enc(n) + 01(n),

where &;(n) = 272" (A1)B)w—Q=Fn],
Thus, by Uhlmann’s theorem, there exists an isometry
D% arg,» such that

1
(157)

HD*B"—>MJ1 (U:/4\/—>BE)®nFM]\7[GA~>A”J"
(Omk @&k ® Paacs)

— MK ®WpnngGg T,

<212y el + 81 (),

(158)

U@

< EnJ KGp'
By tracing over E"J"KGpJi1, we deduce that there exist an
encoding map Fps 76,4~ and a decoding map Dxn_, s,
such that

where Wgn jn g, g, 15 an arbitrary purification of w

(Db —ris, o NS 5 © Farinamearn) Orric © €37 © i)

- 91\/[KH1 < 2\/m'

(159)
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5) Decoding With Entanglement Assistance: The bound
in (156), together with (150), implies

(1)
(Onmk @& ® Paqay)] —Ex @ wg"J"KHl

< 2y/Oenc(n) + 82(n),

2_%n[I(A2>B)w_(Q+Q/_Re)_ﬁn]' Thus’
theorem,

N
Trprap [(UA—>BE)®HFMMGAHA”J”

(160)

where d2(n) =

by Uhlmann’s there exists an isometry

Dpngy—ircr Gy, 7,0 Such that
_ N ®n _
HDB"GBHMG’AG’BJQ(UA—»BE) Fyrirg - angn

Ok @ &g @ Paacp) — Enr @ Peacp @ WEn K,

< 24/24/Fncl(n) + 62 ().

By tracing over E"J"KG' GgJa, we
FrsrGa—an and Dpe 5y satisfy

1

(161)

deduce that

_ (5]
HDBHGB—>M o N{" go
FritGa—oan (O @ Eg © Paue5) — Emr H1

< 20/2 B (1) + 05(n).

AS Jenc(n), 61(n), and d2(n) tend to zero as n — oo for rates
as in (108), we deduce that the errors tend to zero as well.
Choosing the entanglement rate R, = %[H (A2), +
H(As|B),], it follows that Zga.(N) is an achievable rate
region (¢ (28) and (108)). To show that rate pairs in
+ ZLeas(N®F) are achievable as well, we employ the coding
scheme above for the product channel N ®k  where k is
arbitrarily large. This completes the achievability proof.

(162)

B. Converse Proof

Consider the converse part. Suppose that Alice and Bob
are trying to generate entanglement between them. An upper
bound on the rate at which Alice and Bob can generate
entanglement also serves as an upper bound on the quantum
rate at which they can communicate qubits, since a noiseless
quantum channel can be used to generate entanglement by
sending one part of an entangled pair. In this task, Alice locally
prepares two maximally entangled pairs,

2nQ
1
Prk) @ Pyr) = | 7= Y Im)m ® |m)k
2nQ m=1
1 on(Q+Q")
® | === )31 ® ) (163)
V2@t L=

If the entanglement assistance is reliable, then Alice and
Bob share the quantum state |®¢,G,), where G4 and Gp
represent the entanglement resources that Alice and Bob
share, respectively. Then Alice applies an encoding channel
Frriig ,—an to the quantum message systems M M and her
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share G 4 of the entanglement resources. The resulting state
is

OrRGpAn = Fuiica—an(Pur @ Pyg @ Pa,ucp)-
(164)

As Alice sends the systems A™ through the channel, the output
state is

wrrGsar = NE 5Ok RG, An)- (165)

If the entanglement assistance is present, then Bob can
access Gp. In this case, Bob performs a decoding channel

D¢, pn_.1» hence

Priir = DPaypnni(PrkGsBr)- (166)
On the other hand, without assistance, Bob performs D* .
producing

PRENIG, = Dy xi(PrEGEB")- (167)

Since Bob has not received the entanglement resources, the
system G is not affected by itself.

Consider a sequence of codes (F,,,Dy,,D;;) for entangle-
ment generation given unreliable assistance, such that

1
5 lPari = @wriclly <, (168)
1

5 I — @mxcll, <ol (169)

where a,, o), tend to zero as n — oo.

By the Alicki-Fannes-Winter inequality [77], [78] [58, The-
orem 11.10.3], (169) implies |H(K|M),- — H(K|M)g| <
nen, or equivalently,

[I(K)M),- — I(K)M)s| < ney, (170)

where ¢, tends to zero as n — oo. Observe that I(K)M)e =
H(M)e — HKM)g =nQ — 0 = nQ. Thus,
nQ =I(K)M)q
SI(K>M)/I* + nen,
<I(K)B"), + o,

171)

where the last line follows from (167) and the data processing
inequality for the coherent information [58, Theorem 11.9.3].
In addition,
n@Q =H(K)s
=H(K|KGp)ogoge
=H(K|KGB)., (172)

where the second line follows since K, K, G are in a product
state.

As for decoding with entanglement assistance, (168) implies
|[[(K;M)g —I(K; M)p| < ng,, by the Alicki-Fannes-Winter
inequality, where &, tends to zero as n — oco. Therefore,

n(Q + Q) = S I(K; Mg

IN

1.
S0, + ne,

1 _
< SI(K:GpB"), + né, (173)
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by the data processing inequality for the quantum mutual
information. By the chain rule, the mutual information above
satisfies

I([_(;GBBH)W = I(K;BH|GB)UJ + I(K, GB)q)@q;
I(Kan|GB)w

< I(KGp; B").. (174)

The regularized converse follows from (171), (172),
and (173)-(174), as we let AT and A% be quantum systems

such that for some isometries Wl((ll An and VV](?2 éB_) Am
2

1) (2)
SDA?AELA" = <WK_>A’1L ® WKGB—)AE)

T
1 2
exrasar (Wilag oW ) (175)

This completes the proof of Theorem 7. [
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